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In this paper we continue a study of cosmological perturbations in the conformal gravity theory.
In previous work we had obtained a restricted set of solutions to the cosmological fluctuation equa-
tions, solutions that were required to be both transverse and synchronous. Here we present the
general solution. We show that in a conformal invariant gravitational theory fluctuations around
any background that is conformal to flat (backgrounds that include the cosmologically interest-
ing Robertson-Walker and de Sitter geometries) can be constructed from the (known) solutions
to fluctuations around a flat background. For this construction to hold it is not necessary that
the perturbative geometry associated with the fluctuations itself be conformal to flat. Using this
construction we show that in a conformal Robertson-Walker cosmology early universe fluctuations
grow as t4. We present the scalar, vector, tensor decomposition of the fluctuations in the conformal
theory, and compare and contrast our work with the analogous treatment of fluctuations in the
standard Einstein gravity theory.
I. INTRODUCTION
In a recent paper [1] we presented the first steps in an analysis of cosmological fluctuations in the fourth-order
derivative conformal gravity theory. Conformal gravity has been advanced by one of us as a candidate alternative to
standard Einstein gravity and reviews of its status at both the classical and quantum levels may be found in [2–4],
with the establishment of its unitarity and the positivity of its inner product at the quantum level being found in
[5–8] and reviewed briefly in Appendix G. Various other studies of conformal gravity and of higher derivative gravity
theories in general can be found in [9–22]. In the study of [1] we found some specific perturbative solutions that are of
cosmological interest, and in this paper we present the general and exact perturbative solutions to fluctuations around
any background that is conformal to flat. Since both the Robertson-Walker and de Sitter geometries are conformal to
flat, our results are immediately of relevance to cosmology. As we show both in [1] and here, since Robertson-Walker
and de Sitter background geometries are conformal to flat, treatment of fluctuations around them is greatly facilitated
by working in a gravitational theory that possesses conformal symmetry. In fact by the judicious choice of gauge
that we make in this paper (specifically a gauge condition that is itself conformally invariant), we are able to show
that in the conformal theory fluctuations around any background that is conformal to flat can be constructed from
fluctuations around a flat background, with this being the case even though the perturbative geometry associated
with the fluctuations need not itself be conformal to flat.
As a possible candidate alternative to standard Einstein gravity, conformal gravity is attractive in that it is a pure
metric theory of gravity that possesses all of the general coordinate invariance and equivalence principle structure of
standard gravity while augmenting it with an additional symmetry, local conformal invariance, in which the action is
left invariant under local conformal transformations on the metric of the form gµν(x) → e
2α(x)gµν(x) with arbitrary
local phase α(x). Under such a symmetry a gravitational action that is to be a polynomial function of the Riemann
tensor is uniquely prescribed, and with use of the Gauss-Bonnet theorem is given by (see e.g. [2])
IW = −αg
∫
d4x (−g)1/2CλµνκC
λµνκ ≡ −2αg
∫
d4x (−g)1/2
[
RµκR
µκ −
1
3
(Rαα)
2
]
. (1)
Here αg is a dimensionless gravitational coupling constant, and
Cλµνκ = Rλµνκ −
1
2
(gλνRµκ − gλκRµν − gµνRλκ + gµκRλν) +
1
6
Rαα (gλνgµκ − gλκgµν) (2)
is the conformal Weyl tensor, a tensor that vanishes in geometries that are conformal to flat, and that for any
metric gµν(x) transforms as C
λ
µνκ → C
λ
µνκ under gµν(x) → e
2α(x)gµν(x), with all derivatives of α(x) dropping
out. Since conformal invariance requires that there be no intrinsic mass scales at the level of the Lagrangian, in
the conformal theory all mass scales must come from the vacuum via spontaneous symmetry breaking. With such
2mass generation particles can then localize and bind into inhomogeneities such as the stars and galaxies that are of
interest to astrophysics. Since the Weyl tensor would not vanish in the presence of inhomogeneities, the transition
from a cosmological background geometry to the cosmological fluctuations associated with inhomogeneities is thus
a transition from conformal to flat geometries to geometries that are not conformal to flat. Despite this, and as we
show in this paper, precisely because the theory does have an underlying conformal symmetry, one can still use the
conformal symmetry to control the fluctuations.
In order to explicitly implement this objective our paper is organized as follows. In Sec. II we introduce the general
formalism associated with fluctuations in the conformal gravity theory, and discuss the implications of coordinate
invariance and conformal invariance for them. While this formalism had already been presented in [1] and is included
here in order to make our presentation be self-contained, what is new here is our identifying of the new and convenient
gauge condition given in (23), a condition that is conformal invariant. Its utility is that once we have solved for
fluctuations around a flat background we can then readily construct fluctuations around a background that is conformal
to flat. We are of course not the first to discuss fluctuations in higher derivative theories (see the flat background
fluctuation studies of e.g. [10], [11], [13], [15], [16], [17]), but we are the first to study fluctuations around conformal
to flat backgrounds in conformal theories. In fact our results are not even restricted to de Sitter or Robertson-Walker
cosmological backgrounds, two specific backgrounds that are conformal to flat, with our key fluctuation equation,
(61), holding for fluctuations around any background that is conformal to flat. In Sec. III we obtain the equations
of motion that describe conformal gravity fluctuations around a completely general and arbitrary background, and
in Sec. IV we study fluctuations around an arbitrary conformal to flat background, and derive our key fluctuation
equation, (61), an equation that is new to the literature. So as to be able to find some exact solutions, in our earlier
paper [1] we had restricted to transverse gauge fluctuations that in addition were required to be synchronous. In the
present paper we have no need for the synchronous requirement, and by working in the conformal gauge we are able
to find all solutions to the conformal theory cosmological fluctuation equations without approximation. Interestingly,
in the specific cosmological models that we treat in Appendix A and Appendix B we find that the solutions that are
also synchronous are non-leading at late time.
In cosmological fluctuation theory it has been found very convenient to use the SVT (scalar, vector, tensor) decom-
position of the fluctuations as it naturally incorporates gauge invariance. In Secs. V and VI we present the general
SVT formalism in a presentation that is greatly facilitated by our use of the projection technique that we provide in
Appendix E. Our approach to the SVT decomposition is new to the literature, and in it we obtain a conformal gravity
fluctuation equation around a conformal to flat background, (75), that is new to the literature. And in addition,
using the projection technique alone we obtain a completely gauge invariant conformal gravity fluctuation equation,
(E38), for fluctuations around a flat background. This equation is also new to the literature, and involves no need
to make any choice of gauge at all, with it being gauge invariant in its own right. And in appendix F we generalize
this result by providing a conformal gravity fluctuation equation, (F3), for fluctuations around a general conformal
to flat background, using a procedure that again requires no choice of gauge. In this general case the fluctuation
equation contains 151 terms, and they can all be combined into just one single term. This shows the power of con-
formal symmetry. The projection technique that we develop in this paper thus provides a way to implement gauge
invariance that is distinct from the SVT approach. In Sec. VII we compare and contrast the SVT decompositions of
the fluctuation equations in conformal gravity and Einstein gravity. We augment our paper with seven appendices,
and in them we apply our fluctuation studies to some specific cosmologies. Also in Appendix G we briefly discuss the
unitarity problem in the quantum version of the conformal gravity theory, and show that the quantum theory is free
of any ghost states with negative norm. With conformal gravity also being renormalizable (unlike standard gravity),
it is thus a consistent quantum theory of gravity, and one can consistently quantize the classical conformal gravity
fluctuations that we study in this paper.
II. FORMALISM AND COORDINATE AND CONFORMAL INVARIANCE
A. General Formalism
With the Weyl action IW given in (1) being a fourth-order derivative function of the metric, functional variation
with respect to the metric gµν(x) generates fourth-order derivative gravitational equations of motion of the form [2]
−
2
(−g)1/2
δIW
δgµν
= 4αgW
µν = 4αg
[
2∇κ∇λC
µλνκ −RκλC
µλνκ
]
= 4αg
[
Wµν(2) −
1
3
Wµν(1)
]
= T µν , (3)
3where the functions Wµν(1) and W
µν
(2) are given by
Wµν(1) = 2g
µν∇β∇
βRαα − 2∇
ν∇µRαα − 2R
α
αR
µν +
1
2
gµν(Rαα)
2,
Wµν(2) =
1
2
gµν∇β∇
βRαα +∇β∇
βRµν −∇β∇
νRµβ −∇β∇
µRνβ − 2RµβRνβ +
1
2
gµνRαβR
αβ, (4)
and where T µν is the conformal invariant energy-momentum tensor associated with the matter source. Since Wµν is
obtained from an action that is both general coordinate invariant and conformal invariant, in consequence, and without
needing to impose any equation of motion or stationarity condition, Wµν is automatically covariantly conserved and
traceless and obeys ∇νW
µν = 0, gµνW
µν = 0 on every variational path used for the functional variation of IW.
Despite its somewhat formidable appearance, especially compared to the standard second-order derivative Einstein
equations
−
1
8πG
(
Rµν −
1
2
gµνRαα
)
= T µν , (5)
(3) immediately admits of two key vacuum solutions, namely solutions with vanishing Weyl tensor and solutions with
vanishing Ricci tensor. Solutions with vanishing Weyl tensor include the cosmologically relevant de Sitter and RW
geometries, since the line elements of both geometries can be written in the conformal to flat (and thus vanishing
Weyl tensor) form
ds2 = −Ω2(t, x, y, z)ηµνx
µxν = Ω2(t, x, y, z)[dt2 − dx2 − dy2 − dz2] (6)
for appropriate choices of the conformal factor Ω(t, x, y, z). (Here ηµν is the flat Minkowski metric with diag[ηµν ] =
(−1, 1, 1, 1) in our notation, which follows [23]). Solutions with vanishing Ricci tensor include all vacuum solutions
to Einstein gravity such as the Schwarzschild solution exterior to a static, spherically symmetric source, with the
Schwarzschild solution geometry not being conformal to flat.
B. Conformal Invariance
Because the Weyl action is locally conformal invariant, the function Wµν(x) has the property that under
gµν(x)→ Ω
2(x)gµν(x) = g¯µν(x), g
µν(x)→ Ω−2(x)gµν (x) = g¯µν(x), (7)
Wµν(x) and Wµν(x) transform as
Wµν(x)→ Ω−6(x)Wµν(x) = W¯µν(x), Wµν (x)→ Ω
−2(x)Wµν (x) = W¯µν(x), (8)
where the dependence of W¯µν(x) on g¯µν(x) is the same as that of Wµν (x) on gµν(x). The great utility of (8) is that
it holds regardless of whether or not the metric gµν(x) is conformal to flat. Moreover, if we decompose each of gµν(x)
and g¯µν(x) into a background metric and a fluctuation according to
ds2 = −[g(0)µν + hµν ]dx
µdxν , gµν(x) = g
(0)
µν (x) + hµν(x), g
µν(x) = gµν(0)(x) − h
µν(x),
g¯µν(x) = g¯
(0)
µν (x) + h¯µν(x), g¯
µν(x) = g¯µν(0)(x)− h¯
µν(x), (9)
then Wµν(x) and W¯µν(x) will decompose as
Wµν(gµν) =W
(0)
µν (g
(0)
µν ) + δWµν(hµν), W¯µν(g¯µν) = W¯
(0)
µν (g¯
(0)
µν ) + δW¯µν(h¯µν), (10)
where Wµν(hµν) is evaluated in a background geometry with metric g
(0)
µν (x), while W¯µν(h¯µν) is evaluated in a back-
ground geometry with metric g¯
(0)
µν (x). In addition, since the theory is conformal invariant, the matter sector Tµν must
transform as Ω−2(x)Tµν (x) = T¯µν(x), and decompose as
Tµν(gµν) = T
(0)
µν (g
(0)
µν ) + δTµν(hµν), T¯µν(g¯µν) = T¯
(0)
µν (g¯
(0)
µν ) + δT¯µν(h¯µν). (11)
Thus if we know how to solve for fluctuations hµν(x) around a background g
(0)
µν (x), i.e. if g
(0)
µν (x) is such that we can
actually find solutions to δWµν (hµν) = δTµν(hµν)/4αg, we can then obtain solutions to δW¯µν(h¯µν) = δT¯µν(h¯µν)/4αg
for fluctuations h¯µν(x) around a background metric g¯
(0)
µν (x) simply by setting
h¯µν(x) = Ω
2(x)hµν (x), δW¯µν(h¯µν) = Ω
−2(x)δWµν (hµν). (12)
4Since the structure of the fluctuations around a flat background has already been obtained in [2], via. (12) we
can construct the fluctuations around any background that is conformal to flat. Since all cosmologically relevant
background geometries happen to be conformal to flat, this is extremely convenient, showing that despite its fourth-
order derivative nature, there are simplifications in the conformal cosmological case that do not occur in the standard
second-order theory.
Using the conformal properties of the theory we can also isolate the contribution of the trace h = gµν(0)hµν to the
fluctuation δWµν . Specifically, we note that under a general conformal transformation a general metric transforms as
gµν → Ω
2(x)gµν while a general Wµν transforms as Wµν → Ω
−2(x)Wµν . Thus if we set Ω
2(x) = (1 + h/4), then to
lowest order in h we can set Ω2(x)gµν = gµν + δgµν = gµν +hgµν/4, Ω
−2(x)Wµν =Wµν + δWµν(h) = (1−h/4)Wµν =
Wµν−hWµν/4, to thus find that the contribution of the trace is given by δWµν(h) = −hWµν/4. Thus, as noted in [1], if
the backgroundWµν is zero (background Cµλνκ either zero or more generally obeying 2∇κ∇λC
µλνκ−RκλC
µλνκ = 0)
the trace of the fluctuation decouples completely from the fluctuation in Wµν . As well as being a very convenient
property of conformal gravity fluctuations, obtaining the general relation δWµν(h) = −hWµν/4 for any background
provides a nice internal check on our calculations, just as is made manifest in (50) below.
To take advantage of the nature of the dependence of δWµν on h we introduce a quantity Kµν(x) defined as
Kµν(x) = hµν(x) −
1
4
g(0)µν (x)g
αβ
(0)hαβ, (13)
with Kµν being traceless with respect to the background metric g
µν
(0). If we now evaluate δWµν(hµν) = δWµν(Kµν +
hg
(0)
µν /4) for some general fluctuation hµν around some general g
µν
(0) background we will obtain δWµν(hµν) =
δWµν(Kµν)− hWµν/4, with the contribution of the trace indeed being isolated. Then if the background is conformal
to flat, the dependence on h will drop out identically and δWµν(hµν) will be given as δWµν(hµν) = δWµν(Kµν). Thus
rather than be a function of the ten-component hµν , δWµν must instead be a function of the nine-component Kµν
alone if the background is conformal to flat. Note that we are not asserting here that hµν has been made traceless
by a conformal transformation (in fact it could not be since gµν(0)hµν is conformal invariant). Rather, we are asserting
that for any background that is conformal to flat, the first-order fluctuation in δWµν can only depend on the traceless
combination Kµν = hµν − g
(0)
µν h/4 rather than on hµν itself, an extremely convenient simplification. In [2] we had
already found this to explicitly be the case for perturbations around flat spacetime, and in [1] had explicitly shown it
to the case for fluctuations around a de Sitter background, a specific background that is conformal to flat.
Because of the decoupling of the trace, for conformal to flat backgrounds we can replace (10) by
Wµν(gµν) =W
(0)
µν (g
(0)
µν ) + δWµν(Kµν), W¯µν(g¯µν) = W¯
(0)
µν (g¯
(0)
µν ) + δW¯µν(K¯µν), (14)
where
g¯(0)µν (x) = Ω
2(x)g(0)µν (x), (15)
K¯µν(x) = Ω
2(x)Kµν(x). (16)
In the following then, to construct the fluctuations in a g¯
(0)
µν background from the fluctuations in a g
(0)
µν background
that is conformal to flat, we shall need to utilize (16) rather than (12).
We emphasize that for fluctuations around a conformal to flat background, we are able to reduce the theory to a
dependence on the traceless Kµν without needing to make any reference to the fluctuation equations at all. Since
one also has the freedom to make four general coordinate transformations, on using them one can reduce the nine-
component Kµν to five independent components, again without needing to make any reference to the fluctuation
equations. Any further reduction in the number of independent components of Kµν could only be achieved through
use of residual gauge invariances or the structure of the fluctuation equations themselves. The key step in this paper
will be in finding the right gauge to make the reduction from nine components to five, with a view to finding fluctuation
equations in which there is no mixing of any of the components of Kµν with each other.
C. Implications of Coordinate Invariance
In general in order to impose a coordinate gauge condition, we recall that since hµν and hµν transform into
hµν − ∇νǫµ − ∇µǫν and hµν − ∇νǫµ − ∇µǫν under a perturbative coordinate gauge transformation of the form
5xµ → xµ + ǫµ(x) (all covariant derivatives being taken with respect to the background gµν(0)), we see that under the
same transformation Kµν transforms as
Kµν → Kµν −∇νǫµ −∇µǫν +
1
2
gµν(0)∇αǫ
α. (17)
With the covariant derivative of the fluctuation being given as
∇νK
µν = ∂νK
µν +Kνσgµρ(0)∂νg
(0)
ρσ −
1
2
Kνσgµρ(0)∂ρg
(0)
νσ +
1
2
Kµσgνρ(0)∂σg
(0)
ρν , (18)
and recalling that Kνσg
(0)
νσ = 0, we find that under a conformal transformation ∇νK
µν transforms as
∇νK
µν → Ω−2∇νK
µν + 4Ω−3Kµσ∂σΩ, (19)
with a transverse gauge condition ∇νK
µν = 0 not being conformal invariant. To identify a coordinate gauge condition
that is conformal invariant, we note that under a conformal transformation the quantity Kµνgαβ(0)∂νg
(0)
αβ transforms as
Kµνgαβ(0)∂νg
(0)
αβ → Ω
−2Kµνgαβ(0)∂νg
(0)
αβ + 8Ω
−3Kµν∂νΩ. (20)
Consequently, we obtain
∇νK
µν −
1
2
Kµνgαβ(0)∂νg
(0)
αβ → Ω
−2
[
∇νK
µν −
1
2
Kµνgαβ(0)∂νg
(0)
αβ
]
= ∇νKµν −
1
2
K¯µν g¯αβ(0)∂ν g¯
(0)
αβ , (21)
where ∇νKµν is evaluated in a geometry with metric g¯
(0)
µν according to
∇νKµν = ∂νK¯
µν + K¯νσg¯µρ(0)∂ν g¯
(0)
ρσ −
1
2
K¯νσg¯µρ(0)∂ρg¯
(0)
νσ +
1
2
K¯µσ g¯νρ(0)∂σ g¯
(0)
ρν . (22)
The quantity ∇νK
µν −Kµνgαβ(0)∂νg
(0)
αβ/2 thus transforms into itself under a conformal transformation, and we shall
refer to the condition
∇νK
µν =
1
2
Kµνgαβ(0)∂νg
(0)
αβ ,
∂νK
µν + Γµ(0)νσ K
σν + Γν(0)νσ K
µσ = KµνΓα(0)αν ,
∂νK
µν + Γµ(0)νσ K
σν = 0, (23)
as the conformal gauge. (In (23) we have written the gauge condition in three equivalent forms, forms which will be
convenient for use in the following.)
While (23) is left invariant under a local conformal transformation, we note that when the background is flat
Minkowski (g
(0)
αβ = ηαβ), (23) reduces to the transverse condition ∂νK
µν = 0. We are thus able to construct fluctuations
around a conformal to flat background in the conformal gauge by conformally transforming fluctuations around a flat
background in the transverse gauge, a remarkably convenient and straightforward procedure.
D. Fluctuations Around Flat in the Transverse Gauge
For fluctuations around a flat background that is in flat Minkowski coordinates it was found, without the imposition
of any gauge condition, that δWµν takes the form [2]
δWµν =
1
2
(ηρµ∂
α∂α − ∂
ρ∂µ)(η
σ
ν∂
β∂β − ∂
σ∂ν)Kρσ −
1
6
(ηµν∂
γ∂γ − ∂µ∂ν)(η
ρσ∂δ∂δ − ∂
ρ∂σ)Kρσ. (24)
Now in a flat background we obtain ∂νK
µν → ∂νK
µν − ∂ν∂
νǫµ− ∂µ∂νǫ
ν/2 and ∂µ∂νK
µν → ∂µ∂νK
µν − 3∂µ∂
µ∂νǫ
ν/2
under a coordinate transformation. In a flat background we can thus solve for ∂νǫ
ν and then for ǫµ in order to bring
∂νK
µν to any assigned value. Then, if we now impose the transverse gauge condition ∂µK
µν = 0 (i.e. we impose the
conformal gauge condition given in (23) but with g
(0)
αβ = ηαβ) (24) reduces to the remarkably simple form
δWµν =
1
2
ησρηαβ∂σ∂ρ∂α∂βKµν , (25)
6with all the components of Kµν that were coupled in (24) having decoupled completely in (25). (In fluctuations
around conformal to flat in the Einstein gravity case there would not appear to be any gauge in which an analogous
such complete decoupling occurs for the fluctuation δ(Rµν − gµνR
α
α/2) in the Einstein tensor, though in Appendix
D we shall present some that are relevant to cosmology in which such a complete decoupling is only prevented by
the presence of the fluctuation trace h, while also presenting one in which the equation for h is nothing other than
a readily integrable standard flat space free massless particle wave equation.) In terms of the fourth-order derivative
Green’s function that obeys
∂α∂
α∂β∂
βD(FO)(x− x′) = δ4(x− x′), (26)
(FO denotes fourth order) the solution to δWµν (Kµν) = δTµν/4αg is thus given by
Kµν(x) =
1
2αg
∫
d4x′D(FO)(x− x′)δTµν(x
′) (27)
in the conformal gauge.
The retarded Green’s function solution to (26) is given in [24], and is of the form
D(FO)(x− x′) =
1
8π
θ(t− t′ − |x− x′|), (28)
and as required of a retarded Green’s function, θ(t − t′ − |x − x′|) does not take support outside the light cone. In
addition, momentum-eigenstate solutions to the wave equation ∂α∂
α∂β∂
βKµν = 0 are given by [3, 15]
Kµν = Aµνe
ik·x + (n · x)Bµνe
ik·x +A∗µνe
−ik·x + (n · x)B∗µνe
−ik·x, (29)
where k20 = k
2, where Aµν and Bµν are polarization tensors, and where n
µ = (1, 0, 0, 0) is a unit timelike vector. For
a given assigned δTµν (27) can be solved completely, and for a localized δTµν the asymptotic solution for Kµν is given
by (29). Then with the n · x = t term, fluctuations around a flat background grow linearly in time.
E. Fluctuations Around Conformal to Flat
Since the transverse gauge condition ∇νK
µν = 0 and the conformal gauge condition ∇νK
µν −Kµνgαβ(0)∂νg
(0)
αβ/2 = 0
coincide for a flat Minkowski background, it thus follows that around any background geometry that is conformal to
a flat Minkowski ηµν metric (cf. (6)), the fluctuating δW¯µν (K¯µν) given in (14) must take the form
δW¯µν =
1
2
Ω−2(x)ησρηαβ∂σ∂ρ∂α∂β [Ω
−2(x)K¯µν ], (30)
in the gauge
∇νK¯
µν −
1
2
K¯µν g¯αβ(0)∂ν g¯
(0)
αβ = 0. (31)
Thus by working in the conformal gauge, we are able to completely decouple the components of K¯µν in the
fluctuation equations. And not only that, the only derivative that appears in (30) is the ordinary flat space derivative
ησρηαβ∂σ∂ρ∂α∂β and not some covariant generalization of it. Eq. (30) thus represents a remarkable simplification
of the fluctuation dynamics. To confirm that this is in fact the case, below we will actually calculate δW¯µν directly
in any background metric that is conformal to flat (viz. (6) with arbitrary Ω(x)), and show that it reduces to (30)
when (31) is imposed. Moreover, in order to be as general as possible, we shall also determine δW¯µν in an arbitrary
background, one that is not required to be conformal to flat at all.
F. The Nature of Fluctuations in the Energy-Momentum Tensor
The discussion of the matter field T µν and fluctuations in it in conformal gravity is quite different than in standard
gravity. While any T µν must be conformal invariant in the conformal gravity theory, given that 4αgW
µν = T µν in (3),
the background T µν that is associated with a cosmological background must be zero identically since Wµν vanishes
in any geometry that is conformal to flat. However, while the background T µν must vanish, that does not mean that
7it has to vanish trivially. In the literature two ways in which it could vanish non-trivially have been identified, one
involving a conformally coupled scalar field [25], and the other involving a conformal perfect fluid [26].
For a conformally coupled scalar field S(x) the matter action is
IS = −
∫
d4x(−g)1/2
[
1
2
∇µS∇
µS −
1
12
S2Rµµ + λSS
4
]
=
∫
d4x(−g)1/2
[
1
2
S˙2 −
1
2
(~∇S)2 +
1
12
S2Rµµ − λSS
4
]
, (32)
where λS is a dimensionless coupling constant. (Since we use the convention given in [23] where g00 is taken to have
negative signature, and where the proper time is written as ds2 = −gµνdx
µdxν , (32) thus corresponds to a scalar
field with a normal positive signatured kinetic energy.) As such, the IS action is the most general curved space
matter action for the S(x) field that is invariant under both general coordinate transformations and local conformal
transformations of the form S(x) → e−α(x)S(x), gµν(x) → e
2α(x)gµν(x). Variation of the IS action with respect to
S(x) yields the scalar field equation of motion
∇µ∇
µS +
1
6
SRµµ − 4λSS
3 = 0, (33)
while variation with respect to the metric yields a matter field energy-momentum tensor
T µνS =
2
3
∇µ∇νS −
1
6
gµν∇αS∇
αS −
1
3
S∇µ∇νS
+
1
3
gµνS∇α∇
αS −
1
6
S2
(
Rµν −
1
2
gµνRαα
)
− gµνλSS
4. (34)
Use of the matter field equation of motion then confirms that this energy-momentum tensor obeys the tracelessness
condition gµνT
µν
S = 0, just as it should do in a conformal invariant theory.
In the presence of a spontaneously broken non-zero constant expectation value S0 for the scalar field, the scalar
field wave equation and the energy-momentum tensor are then found to simplify to
Rαα = 24λSS
2
0 ,
T µνS = −
1
6
S20
(
Rµν −
1
2
gµνRαα
)
− gµνλSS
4
0 = −
1
6
S20
(
Rµν −
1
4
gµνRαα
)
. (35)
Since Wµν will vanish identically in a de Sitter geometry in which Rλµσν = K[gµσgλν − gµνgλσ], Rµν = −3Kgµν,
Rαα = −12K, R
µν = (1/4)gµνRαα, T
µν
S will also vanish identically in the same geometry, with K being given by
K = −2λSS
2
0 . Thus even though W
µν and T µν both vanish identically, as noted in [25], the conformal cosmology
governed by 4αgW
µν = T µν admits of a non-trivial de Sitter geometry solution, with a non-vanishing four-curvature
K = −2λSS
2
0 .
A second way in which T µν can vanish non-trivially was given in [26]. If we drop the λS-dependent term in IS ,
then in a generic Robertson-Walker geometry with metric
ds2 = dt2 − a2(t)
[
dr2
1− kr2
+ r2dθ2 + r2 sin2 θdφ2
]
= dt2 − a2(t)γijdx
idxj , (36)
solutions to the scalar field wave equation (33) obey [26]
1
f(p)
[
d2f
dp2
+ kf(p)
]
=
1
g(r, θ, φ)
γ−1/2∂i[γ
1/2γij∂jg(r, θ, φ)] = −λ
2, (37)
where p =
∫
dt/a(t), S = f(p)g(r, θ, φ)/a(t), γij is the metric of the spatial part of the Robertson-Walker metric, and
λ2 is a separation constant. From (37) we see that f(p) is harmonic with frequencies that obey ω2 = λ2 + k, while
we can set g(r, θ, φ) = gℓλ(r)Y
m
ℓ (θ, φ), where g
ℓ
λ(r) obeys[
(1 − kr2)
∂2
∂r2
+
(2− 3kr2)
r
∂
∂r
−
ℓ(ℓ+ 1)
r2
+ λ2
]
gℓλ(r) = 0. (38)
To form a perfect fluid energy-momentum tensor, in T µνS we make an incoherent averaging over all allowed spatial
modes associated with a given ω (this is equivalent to calculating statistical averages using a density matrix that is
8proportional to the unit matrix and normalized to one). And on doing the sum over all modes, for each ω we obtain
[26] the automatically traceless
T µνS =
ω2(gµν + 4UµUν)
6π2a4(t)
=
(λ2 + k2)(gµν + 4UµUν)
6π2a4(t)
, (39)
where Uµ is a unit timelike vector. This T µνS vanishes if ω
2 = 0, and with ω2 = λ2 + k, we can thus satisfy T µνS = 0
non-trivially if and only if k is negative. In doing the incoherent averaging when ω = 0, for T 00S we obtain
T 00S =
1
6
∑
ℓ,m
[
3∑
i=1
γii|∂i(g
ℓ
(−k)1/2Y
m
ℓ (θ, φ))|
2 + k|gℓ(−k)1/2Y
m
ℓ (θ, φ)|
2
]
(40)
when k is negative, with it being shown in [26] that the sum in (40) vanishes identically. Essentially what happens
is that a positive contribution to T µνS by the scalar field modes is cancelled by a negative contribution from the
gravitational field due to its negative spatial 3-curvature. With negative k, solutions to (38) are associated Legendre
functions, and even though we have now fixed λ2 to −k, (38) still possesses an infinite number of solutions labelled
by ℓ and m. An incoherent averaging over all of these solutions than causes T µνS to vanish non-trivially.
In applications of conformal gravity to astrophysical and cosmological data it has been found that phenomeno-
logically k should be negative. In conformal cosmology very good non-fine-tuned, negative k fits to the accelerating
universe Hubble plot data have been presented in [2, 4], with very good negative k conformal gravity fits to galactic
rotation curves having been presented in [2, 4]. Now standard gravity inflationary universe fits to the anisotropy of the
cosmic microwave background lead to a spatially flat 3-geometry. However, with fluctuations growing at a different
rate in the conformal case (as noted above, already around flat we have linear in time growth – and as we show
in Appendix B around an expressly negative k Robertson-Walker background we have early universe t4 fluctuation
growth), the size of a standard ruler at recombination will be different than in the standard case. It is thus paramount
to determine the conformal gravity expectations for the anisotropy to see if it could support k < 0, and the objective
of this paper is to prepare some of the needed groundwork.
Now despite the fact that the background T µν is zero, that does not mean that it will remain so if it is perturbed,
and in fact it could not remain zero if the geometric side of (3) is perturbed so that Wµν would become non-zero.
However, something unusual happens if we do perturb a non-trivially vanishing background T µν , something that
does not happen in the standard case. In the standard Einstein case where (5) holds, with the background T µν
being non-zero, neither the fluctuation in the background Einstein tensor or the fluctuation in the background T µν
will separately be gauge invariant, only the perturbation of the entire Rµν − gµνRαα/2 + 8πGT
µν will be gauge
invariant. However, in the conformal case the change in Wµν has the same functional form independent of whether
the background T µν is identically zero or only non-trivially zero. But in the case in which the background T µν is
identically zero (i.e. empty), there is no change in it, and thus the change in Wµν must be gauge invariant all on its
own. And then, if the background T µν is only non-trivially zero, the change in it must also be gauge invariant on
it its own. Moreover, since the Weyl tensor is zero for any geometry that is conformal to flat, the Weyl tensor will
vanish even if the conformal factor Ω(x) in (6) is not associated with a maximally 3-symmetric background such as
Robertson-Walker or a maximally 4-symmetric background such as de Sitter. And then since the background Tµν
would then have to vanish too (since Wµν would vanish), it must be the case that for fluctuations around (6) δWµν
would then be gauge invariant on its own no matter how complicated a function Ω(x) might be. Below we shall exhibit
this explicitly by working in the gauge invariant scalar, vector, tensor (SVT) basis discussed in [27, 28] (and also in e.g.
[29, 30]). Specifically, we shall find that in any background that is conformal to flat (i.e. arbitrary Ω(x)) δWµν can
be expressed entirely in terms of the gauge invariant components of the SVT basis even though δ(Rµν − gµνRαα/2)
cannot be so expressed in such an arbitrarily conformal to flat background.
III. FLUCTUATION EQUATIONS AROUND AN ARBITRARY BACKGROUND
A. Setting up the Fluctuation Equations
In order to perturb Wµν we have found it convenient to use the identity
∇β∇νTλµ = ∇ν∇βTλµ +RλσνβT
σ
µ −RσµνβT
σ
λ (41)
obeyed by any rank two tensor, so that we can write Wµν as
Wµν = −
1
6
gµν∇β∇
βRαα +∇β∇
βRµν −
1
3
∇µ∇νR
α
α −R
βσRσµβν
9− RβσRσνβµ +
1
2
gµνRαβR
αβ +
2
3
RααRµν −
1
6
gµν(R
α
α)
2. (42)
On taking the metric to be the completely general gµν+hµν , where here we take gµν to denote any general background
metric (i.e. one not necessarily conformal to flat) and δgµν = hµν to denote any general fluctuation, perturbing W
µν
then gives (following a machine calculation)
δWµν (hµν) =
1
2hµνRαβR
αβ − gµνh
αβRα
γRβγ −
2
3h
αβRαβRµν +
1
3gµνh
αβRαβR−
1
6hµνR
2 + hαβRα
γRµβνγ
+hαβRα
γRµγνβ −
1
6hµν∇α∇
αR − hαβ∇β∇αRµν +
1
6gµνh
αβ∇β∇αR+
1
6gµνh
αβ∇γ∇
γRαβ
+ 13h
αβ∇µ∇νRαβ +
1
3R∇α∇
αhµν +Rµβνγ∇α∇
γhαβ +Rµγνβ∇α∇
γhαβ − 13R∇α∇µhν
α − 13R∇α∇νhµ
α
− 16∇αhµν∇
αR+ 16gµν∇
αR∇βhα
β −∇αh
αβ∇βRµν −
2
3Rµν∇β∇αh
αβ + 13gµνR∇β∇αh
αβ + 12Rν
α∇β∇αhµ
β
−Rαβ∇β∇αhµν +
1
2Rµ
α∇β∇αhν
β − 12Rν
α∇β∇
βhµα −
1
2Rµ
α∇β∇
βhνα +
1
2∇β∇
β∇α∇
αhµν
− 12∇β∇
β∇α∇µhν
α − 12∇β∇
β∇α∇νhµ
α − 12Rν
α∇β∇µhα
β +Rαβ∇β∇µhνα −
1
2Rµ
α∇β∇νhα
β
+Rαβ∇β∇νhµα +∇αRνβ∇
βhµ
α −∇βRνα∇
βhµ
α +∇αRµβ∇
βhν
α −∇βRµα∇
βhν
α − gµνR
αβ∇γ∇βhα
γ
+ 23gµνR
αβ∇γ∇
γhαβ −Rµανβ∇γ∇
γhαβ + 16gµν∇γ∇
γ∇β∇αh
αβ + 13gµν∇γRαβ∇
γhαβ −∇βRνα∇µh
αβ
+ 16∇
αR∇µhνα −
1
6R
αβ∇µ∇νhαβ −∇βRµα∇νh
αβ + 13∇µRαβ∇νh
αβ + 16∇
αR∇νhµα +
1
3∇µh
αβ∇νRαβ
− 12R
αβ∇ν∇µhαβ +
1
3∇ν∇µ∇β∇αh
αβ + 23Rµν∇α∇
αh− 13gµνR∇α∇
αh+ 12∇α∇
α∇ν∇µh
− 112gµν∇αh∇
αR+ 12∇αRµν∇
αh+ 12gµνR
αβ∇β∇αh−
1
6gµν∇β∇
β∇α∇
αh−Rµανβ∇
β∇αh+ 13R∇ν∇µh
− 13∇ν∇µ∇α∇
αh. (43)
In (43) all covariant derivatives are evaluated with respect to the background gµν , and R denotes R
α
α. Eq. (43)
contains 62 terms, of which 10 depend on the trace h = gµνhµν , On substituting hµν = Kµν + (1/4)gµνh in (43),
δWµν(hµν) breaks into two pieces, a Kµν-dependent piece with 52 terms and an h = gµνh
µν -dependent piece with 19
terms, and with δWµν(hµν) = δWµν(Kµν) + δWµν(h) they are of the form
δWµν (Kµν) =
1
2KµνRαβR
αβ − gµνK
αβRα
γRβγ −
2
3K
αβRαβRµν +
1
3gµνK
αβRαβR−
1
6KµνR
2 +KαβRα
γRµβνγ
+KαβRα
γRµγνβ −
1
6Kµν∇α∇
αR−Kαβ∇β∇αRµν +
1
6gµνK
αβ∇β∇αR+
1
6gµνK
αβ∇γ∇
γRαβ
+ 13K
αβ∇µ∇νRαβ +
1
3R∇α∇
αKµν +Rµβνγ∇α∇
γKαβ +Rµγνβ∇α∇
γKαβ − 13R∇α∇µKν
α − 13R∇α∇νKµ
α
− 16∇αKµν∇
αR+ 16gµν∇
αR∇βKα
β −∇αK
αβ∇βRµν −
2
3Rµν∇β∇αK
αβ + 13gµνR∇β∇αK
αβ + 12Rν
α∇β∇αKµ
β
−Rαβ∇β∇αKµν +
1
2Rµ
α∇β∇αKν
β − 12Rν
α∇β∇
βKµα −
1
2Rµ
α∇β∇
βKνα +
1
2∇β∇
β∇α∇
αKµν
− 12∇β∇
β∇α∇µKν
α − 12∇β∇
β∇α∇νKµ
α − 12Rν
α∇β∇µKα
β +Rαβ∇β∇µKνα −
1
2Rµ
α∇β∇νKα
β
+Rαβ∇β∇νKµα +∇αRνβ∇
βKµ
α −∇βRνα∇
βKµ
α +∇αRµβ∇
βKν
α −∇βRµα∇
βKν
α − gµνR
αβ∇γ∇βKα
γ
+ 23gµνR
αβ∇γ∇
γKαβ −Rµανβ∇γ∇
γKαβ + 16gµν∇γ∇
γ∇β∇αK
αβ + 13gµν∇γRαβ∇
γKαβ −∇βRνα∇µK
αβ
+ 16∇
αR∇µKνα −
1
6R
αβ∇µ∇νKαβ −∇βRµα∇νK
αβ + 13∇µRαβ∇νK
αβ + 16∇
αR∇νKµα +
1
3∇µK
αβ∇νRαβ
− 12R
αβ∇ν∇µKαβ +
1
3∇ν∇µ∇β∇αK
αβ , (44)
δWµν(h) = −
1
8gµνRαβR
αβh− 16RµνRh+
1
24gµνR
2h+ 12R
αβRµανβh−
1
4h∇α∇
αRµν +
1
24gµνh∇α∇
αR
+ 112h∇ν∇µR+
1
4∇α∇
α∇ν∇µh−
1
4∇αRµν∇
αh− 12Rµανβ∇
β∇αh+ 14∇µRνα∇
αh− 14∇αRν
α∇µh+
1
4Rν
α∇µ∇αh
+ 14∇νRµα∇
αh+ 18∇νR∇µh−
1
4∇αRµ
α∇νh+
1
8∇µR∇νh+
1
4Rµ
α∇ν∇αh−
1
4∇ν∇µ∇α∇
αh. (45)
B. Decoupling of the Trace of the Fluctuation
Given the identity
∇κ∇νVλ −∇ν∇κVλ = V
σRλσνκ (46)
that is obeyed by any vector, on setting Vλ = ∇λh in (46) and Tλµ = ∇λ∇µh in (41) we obtain
∇ν∇µ∇α∇
αh = gαβ∇ν [∇α∇µ∇βh+Rβσαµ∇
σh] = gαβ∇ν [∇α∇β∇µh+Rβσαµ∇
σh]
10
= gαβ[∇α∇ν∇β∇µh+Rβσαν∇
σ∇µh−Rσµαν∇β∇
σh+Rβσαµ∇ν∇
σh+∇νRβσαµ∇
σh]
= gαβ[∇α[∇β∇ν∇µh+Rµσβν∇
σh] +Rβσαν∇
σ∇µh−Rσµαν∇β∇
σh+Rβσαµ∇ν∇
σh+∇νRβσαµ∇
σh]. (47)
On recalling that
∇νRνµκη = ∇κRµη −∇ηRµκ, (48)
we obtain
∇ν∇µ∇α∇
αh−∇α∇
α∇ν∇µh = Rµσαν∇
α∇σh+∇µRνσ∇
σh−∇σRνµ∇
σh
+Rσν∇
σ∇µh−Rσµαν∇
α∇σh+Rσµ∇ν∇
σh+∇νRσµ∇
σh. (49)
Then with ∇αRµα = (1/2)∇µR we find that the 12 terms in (45) that involve a gradient of h all cancel identically.
Finally, comparing the remaining 7 terms in (45) with a background Wµν that is of the form given in (42), we find
that δWµν(h) reduces to the remarkably simple
δWµν(h) = −
1
4
Wµνh. (50)
Now we had noted above that the condition δWµν(h) = −
1
4Wµνh is required on general grounds. We thus recover this
condition, and not only do we see that (50) is generic, its recovery provides a nice internal check on our calculations.
To confirm this result it is instructive to also look at the fluctuation in the Weyl tensor itself. About an arbitrary
background it is found to evaluate to δCλµνκ = δCλµνκ(Kµν) + δCλµνκ(h), where
δCλµνκ(Kµν) = −
1
6gκµgλνK
αβRαβ +
1
6gκλgµνK
αβRαβ +
1
2KµνRκλ −
1
2KλνRκµ −
1
2KκµRλν +
1
2KκλRµν
− 16gµνKκλR+
1
6gλνKκµR+
1
6gκµKλνR−
1
6gκλKµνR+Kλ
αRκνµα +
1
4gµν∇α∇
αKκλ −
1
4gλν∇α∇
αKκµ
− 14gκµ∇α∇
αKλν +
1
4gκλ∇α∇
αKµν −
1
4gµν∇α∇κKλ
α + 14gλν∇α∇κKµ
α − 14gµν∇α∇λKκ
α + 14gκµ∇α∇λKν
α
+ 14gλν∇α∇µKκ
α − 14gκλ∇α∇µKν
α + 14gκµ∇α∇νKλ
α − 14gκλ∇α∇νKµ
α − 16gκµgλν∇β∇αK
αβ
+ 16gκλgµν∇β∇αK
αβ − 12∇κ∇λKµν +
1
2∇κ∇µKλν +
1
2∇κ∇νKλµ −
1
2∇ν∇κKλµ +
1
2∇ν∇λKκµ −
1
2∇ν∇µKκλ,
(51)
δCλµνκ(h) =
[
1
8gµνRκλ −
1
8gλνRκµ −
1
8gκµRλν +
1
8gκλRµν +
1
24gκµgλνR −
1
24gκλgµνR−
1
4Rκνλµ
]
h
=
1
4
hCλµνκ. (52)
Thus if the background Weyl tensor is zero, δCλµνκ is independent of h. However, if the background Weyl tensor is
zero, then according to (3) δWµν is given by
δWµν = 2∇κ∇λδC
µλνκ −RκλδC
µλνκ, (53)
to thus then also be independent of h. Thus when the background Weyl tensor is zero (in which case the background
Wµν is zero too), we confirm that δWµν is independent of h, just as required by (50). With the dependence of δWµν
on Kµν being fully specified in (44) (in any background), we can now impose the conformal gauge condition and
evaluate the structure of δWµν in the conformal to flat background case.
C. Preparing to Implement the Conformal Gauge Condition
To bring (44) to a form in which we can apply the conformal gauge condition given in (23) we need to commute
differential operators as per (41) and (46). On doing the needed commutations for δWµν(Kµν) we obtain the 59 term
δWµν(Kµν) =
1
2KµνRαβR
αβ − 12Kν
αRαβRµ
β − 23K
αβRαβRµν +K
αβRµαRνβ −
1
2Kµ
αRαβRν
β + 13gµνK
αβRαβR
+ 13Kν
αRµαR +
1
3Kµ
αRναR −
1
6KµνR
2 − gµνK
αβRγκRαγβκ −
2
3K
αβRRµανβ −Kν
αRβγRµβαγ + 2K
αβRα
γRµγνβ
+2KαβRαγβκRµ
γ
ν
κ −Kµ
αRβγRνβαγ +
1
3R∇α∇
αKµν −
1
6Kµν∇α∇
αR+ 12Rν
α∇α∇βKµ
β + 12Rµ
α∇α∇βKν
β
− 16∇αKµν∇
αR+ 16gµν∇
αR∇βKα
β −∇αK
αβ∇βRµν −
2
3Rµν∇β∇αK
αβ + 13gµνR∇β∇αK
αβ −Rαβ∇β∇αKµν
11
−Kαβ∇β∇αRµν +
1
6gµνK
αβ∇β∇αR+
1
2Kν
α∇β∇
βRµα +
1
2Kµ
α∇β∇
βRνα +
1
2∇β∇
β∇α∇
αKµν
− 12∇β∇
β∇µ∇αKν
α − 12∇β∇
β∇ν∇αKµ
α − gµνR
αβ∇β∇γKα
γ +∇αRνβ∇
βKµ
α +∇αRµβ∇
βKν
α
+ 23gµνR
αβ∇γ∇
γKαβ − 2Rµανβ∇γ∇
γKαβ + 16gµνK
αβ∇γ∇
γRαβ −K
αβ∇γ∇
γRµανβ +
1
6gµν∇γ∇
γ∇β∇αK
αβ
+ 13gµν∇γRαβ∇
γKαβ − 2∇γRµανβ∇
γKαβ +Rµβνγ∇
γ∇αK
αβ +Rµγνβ∇
γ∇αK
αβ −∇βRνα∇µK
αβ
+ 16∇
αR∇µKνα −
1
3R∇µ∇αKν
α − 12Rν
α∇µ∇βKα
β +Rαβ∇µ∇βKνα −∇βRµα∇νK
αβ + 13∇µRαβ∇νK
αβ
+ 16∇
αR∇νKµα +
1
3∇µK
αβ∇νRαβ −
1
3R∇ν∇αKµ
α − 12Rµ
α∇ν∇βKα
β +Rαβ∇ν∇βKµα −
2
3R
αβ∇ν∇µKαβ
+ 13K
αβ∇ν∇µRαβ +
1
3∇ν∇µ∇β∇αK
αβ . (54)
As a check on (54), we note that if we take the background to be flat, (54) reduces to δWµν(Kµν) =
1
2∇β∇
β∇α∇
αKµν −
1
2∇β∇
β∇µ∇αKν
α − 12∇β∇
β∇ν∇αKµ
α + 16gµν∇γ∇
γ∇β∇αK
αβ + 13∇ν∇µ∇β∇αK
αβ . With
Kµν being traceless, when written in a flat Minkowski coordinate system we recognize this expression as being (24),
just as it should be.
IV. FLUCTUATIONS AROUND A CONFORMAL TO FLAT MINKOWSKI BACKGROUND
A. Implementing the Conformal Gauge Condition
While we can obtain great simplification of the 59-term (54) by imposing a conformal gauge condition, we can
also achieve great simplification by evaluating (54) directly in the metric given in (6) without introducing any gauge
condition at all, and even without restricting Ω(x) in any way. We do this in Appendix F, and even though the
rewriting of (54) in the metric given in (6) initially expands it to 151 terms, we are able to reduce it first to the
five-term (F2) and then to the one-term (F3). In this section we evaluate (54) in the conformal to flat background
given in (6) with Ω(x) again arbitrary by implementing the conformal gauge condition ∇νK
µν = (1/2)Kµνgαβ∂νgαβ
given in (23). This will also lead to a one-term expression, viz. (61). In the gµν = Ω
2(x)ηµν background the gauge
condition ∇νK
µν = 12K
µνgαβ∂νgαβ takes the form
∇νK
µν −
1
2
KµνΩ−2ηαβηαβ∂νΩ
2 = ∇νK
µν − 4Ω−1Kµν∂νΩ = ∂νK
µν + 6Ω−1Kµν∂νΩ− 4Ω
−1Kµν∂νΩ
= ∂νK
µν + 2Ω−1Kµν∂νΩ = Ω
−2∂ν(Ω
2Kµν) = 0. (55)
If we extract out a factor of Ω2(x) from the fluctuation by setting Kµν = Ω−2(x)kµν , Kµν = Ω
2(x)kµν (where indices
on kµν and kµν = ηµαηνβk
αβ are raised and lowered with ηµν alone), (55) can then be written in the simple transverse
form ∂νk
µν = 0, with our gauge condition being such that the conformal factor dependence factors right out. In (55)
we are taking Ω(x) to be a general function of the coordinates not just in order to be as general as possible but so
that we can encompass as a special case Robertson-Walker geometries with general spatial curvature k, since as we
show in Appendix A, while Ω(x) will only depend on the time coordinate t if k is zero, for non-zero spatial curvature
Ω(x) will depend on both t and the radial coordinate r.
However before evaluating (54) in a conformal to flat Minkowski geometry in the conformal gauge given in (55), we
note that the condition
∇νK
µν = 4Ω−1Kµν∂νΩ (56)
just happens to have the form of a covariant gauge condition for a background metric Ω2(x)gµν with any gµν . Thus
we can proceed covariantly, and following quite a bit of algebra find that when (56) is imposed in a conformal to flat
but not necessarily Minkowski background (the flat background could for instance be the polar coordinate geometry
ds2 = dt2 − dr2 − r2dθ2 − r2 sin2 θdφ2) (54) takes form
δWµν =
1
2
Ω−4∇˜β∇˜
β∇˜α∇˜
αKµν − 4Ω
−5∇˜β∇˜αKµν∇˜
β∇˜αΩ− 2Ω−5∇˜α∇˜
αΩ∇˜β∇˜
βKµν − 4Ω
−5∇˜αΩ∇˜β∇˜
β∇˜αKµν
−Ω−5Kµν∇˜β∇˜
β∇˜α∇˜
αΩ− 4Ω−5∇˜αKµν∇˜β∇˜
β∇˜αΩ+ 6Ω−6∇˜αΩ∇˜
αΩ∇˜β∇˜
βKµν + 12Ω
−6∇˜αΩ∇˜β∇˜αKµν∇˜
βΩ
+3Ω−6Kµν∇˜α∇˜
αΩ∇˜β∇˜
βΩ + 12Ω−6∇˜αKµν∇˜
αΩ∇˜β∇˜
βΩ+ 24Ω−6∇˜αΩ∇˜βKµν∇˜
β∇˜αΩ
+6Ω−6Kµν∇˜β∇˜αΩ∇˜
β∇˜αΩ + 12Ω−6Kµν∇˜
αΩ∇˜β∇˜
β∇˜αΩ− 24Ω
−7Kµν∇˜αΩ∇˜
αΩ∇˜β∇˜
βΩ
−48Ω−7∇˜αΩ∇˜
αΩ∇˜βKµν∇˜
βΩ− 48Ω−7Kµν∇˜
αΩ∇˜β∇˜αΩ∇˜
βΩ + 60Ω−8Kµν∇˜αΩ∇˜
αΩ∇˜βΩ∇˜
βΩ (57)
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without approximation. In (57) we have introduced the symbol ∇˜α (with Greek index) to denote the covariant
derivative with respect to the flat but not necessarily Minkowski background gµν alone so that ∇˜
α is equal to gαβ∇˜α
and not to Ω−2gαβ∇˜α. Quite remarkably, we find that the 17 terms in (57) can be factored into just a single term,
viz.
δWµν(Kµν) =
1
2
Ω−2∇˜α∇˜
α∇˜β∇˜
β(Ω−2Kµν) =
1
2
Ω−2∇˜α∇˜
α∇˜β∇˜
βkµν , (58)
where we have set kµν = Ω
−2(x)Kµν . As written, (58) describes fluctuations around any geometry that is conformal
to any flat background metric as written in the ∇νK
µν = 4Ω−1Kµν∂νΩ gauge. If we set Ω(x) = 1 (58) also describes
fluctuations around any flat background geometry in the transverse gauge ∇νK
µν = 0 as per
δWµν(Kµν) =
1
2
∇˜α∇˜
α∇˜β∇˜
βKµν . (59)
As such (59) would apply to fluctuations around a flat geometry as written in any general but not necessarily flat
Minkowski coordinate system.
B. Obtaining the Fluctuation Equations in the Conformal Gauge
Despite their simple forms neither (58) nor (59) are of straightforward use since they involve covariant derivatives
that mix the various components of Kµν . However, (58) and (59) also apply in the gauge given in (55) that is of
interest to us here. Thus for conformal gauge fluctuations around a conformal to flat geometry that is Minkowski the
fluctuation equations take the form
δWµν(Kµν) =
1
2
Ω−4∂β∂
β∂α∂
αKµν − 4Ω
−5∂β∂αKµν∂
β∂αΩ− 2Ω−5∂α∂
αΩ∂β∂
βKµν − 4Ω
−5∂αΩ∂β∂
β∂αKµν
−Ω−5Kµν∂β∂
β∂α∂
αΩ− 4Ω−5∂αKµν∂β∂
β∂αΩ+ 6Ω−6∂αΩ∂
αΩ∂β∂
βKµν + 12Ω
−6∂αΩ∂β∂αKµν∂
βΩ
+3Ω−6Kµν∂α∂
αΩ∂β∂
βΩ+ 12Ω−6∂αKµν∂
αΩ∂β∂
βΩ+ 24Ω−6∂αΩ∂βKµν∂
β∂αΩ + 6Ω
−6Kµν∂β∂αΩ∂
β∂αΩ
+12Ω−6Kµν∂
αΩ∂β∂
β∂αΩ− 24Ω
−7Kµν∂αΩ∂
αΩ∂β∂
βΩ− 48Ω−7∂αΩ∂
αΩ∂βKµν∂
βΩ− 48Ω−7Kµν∂
αΩ∂β∂αΩ∂
βΩ
+60Ω−8Kµν∂αΩ∂
αΩ∂βΩ∂
βΩ, (60)
with (60) simplifying to
δWµν (Kµν) =
1
2
Ω−2ησρηαβ∂σ∂ρ∂α∂β(Ω
−2Kµν) =
1
2
Ω−2ησρηαβ∂σ∂ρ∂α∂βkµν . (61)
We recognize (61) as precisely being of the form given earlier on general grounds in (30). As we see, despite the fact
that the gµν = Ω
2(x)ηµν background is not itself flat, in (60) and (61) all derivatives are flat Minkowski, i.e. associated
with the metric ds2 = −ηαβdx
αdxβ = dt2 − dx2 − dy2 − dz2. Moreover, and even more significantly, (60) and (61)
are diagonal in the (µ, ν) indices. Thus with our choice of gauge, in a conformal to flat Minkowski background δWµν
is diagonalized in the tensor indices. We thus see the power of conformal symmetry since our starting point was the
62 term δWµν(hµν) given in (43). Eq. (61) is our main result. It is exact without approximation, and is to be used
to monitor cosmological fluctuations in the conformal gravity theory.
C. Summary of the Calculation
For the benefit of the reader we briefly summarize the steps in our calculation. We start with a general Wµν in the
convenient form given in (42). We perturb Wµν to first order around a general background with metric gµν and take
the perturbed metric to be of the form gµν + δgµν = gµν + hµν . Recalling that δR
λ
µνκ = ∂δΓ
λ
µν/∂x
κ + ΓλκσδΓ
σ
µν −
ΓσµκδΓ
λ
νσ−∂δΓ
λ
µκ/∂x
ν−ΓλνσδΓ
σ
µκ+Γ
σ
µνδΓ
λ
κσ = ∇κδΓ
λ
µν−∇νδΓ
λ
µκ, where δΓ
λ
µν = (1/2)g
λρ[∇νδgρµ+∇µδgρν−∇ρδgµν ],
on evaluating δWµν to lowest order in δgµν we obtain (43).
Since our interest is in traceless fluctuations, in (43) we set hµν = Kµν + (1/4)gµνh where h = g
µνhµν and
gµνKµν = 0. This leads us to two contributions to δWµν , viz. δWµν(Kµν) as given in (44) and δWµν(h) as given in
(45). Using properties of manipulations of covariant derivatives we find that δWµν(h) = −(1/4)Wµνh as exhibited in
(50). This allows to establish that δWµν(h) vanishes if the backgroundWµν vanishes, just as is the case in background
Robertson-Walker and de Sitter cosmologies.
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For background cosmologies in which the background Wµν vanishes, δWµν reduces to δWµν(Kµν), with δWµν
thus only being dependent on the traceless fluctuation Kµν as per (44). Using further properties of manipulations
of covariant derivatives we rewrite (44) in the form given in (54), a form in which we can readily implement the
conformal gauge condition given in (23). On implementing this gauge condition we find that for fluctuations around
background geometries that are conformal to flat (such as Robertson-Walker and de Sitter) δWµν(Kµν) reduces to
(61), our main result. In order to actually implement all of these various steps we had to quite extensively adapt
the xAct tensor calculus software package in order to perform the conformal gravity calculations symbolically on a
computer.
V. SVT DECOMPOSITION OF THE FLUCTUATIONS
A. The SVT Decomposition
In studying cosmological fluctuations it is very convenient to use the SVT decomposition of the fluctuations because
it readily incorporates gauge invariance [28]. For cosmological fluctuations around a conformal to flat Minkowski
background geometry of the form ds2 = Ω2(x)[dt2 − δijdx
idxj ], one introduces the following 3 + 1 decomposition of
the background plus fluctuation line element
ds2 = Ω2(x)
[
(1 + 2φ)dt2 − 2(∇˜iB +Bi)dtdx
i − [(1 − 2ψ)δij + 2∇˜i∇˜jE + ∇˜iEj + ∇˜jEi + 2Eij ]dx
idxj
]
, (62)
where Ω(x) is an arbitrary function of the coordinates, where ∇˜i = ∂/∂x
i (with Latin index) and ∇˜i = δij∇˜j (i.e.
not Ω−2δij∇˜j) are defined with respect to the background 3-space metric δij , and where the elements of (62) obey
δij∇˜jBi = 0, δ
ij∇˜jEi = 0, Eij = Eji, δ
jk∇˜kEij = 0, δ
ijEij = 0. (63)
In Appendix E we provide a derivation of (62) using transverse and transverse-traceless projection techniques, and
show that even though the form of (62) is not manifestly covariant, it is nonetheless covariant (just as it would have
to be if we are to be able to provide the gauge invariant combinations of its coefficients that we give below). In (62)
we note that we have incorporated an explicit factor of Ω2(x) not just in the background part of the line element but
in the fluctuation part as well. This will prove to be very convenient below. As written, (62) contains ten elements,
whose transformations are defined with respect to the background spatial sector as four 3-dimensional scalars (φ, B, ψ,
E), two transverse 3-dimensional vectors (Bi, Ei) each with two independent degrees of freedom, and one symmetric
3-dimensional transverse-traceless tensor (Eij) with two degrees of freedom.
B. SVT in Terms of hµν
One can express these ten degrees of freedom in terms of the original fluctuations hµν . If one introduces the
3-dimensional Green’s function that obeys
δij∇˜i∇˜jD
(3)(x − y) = δ3(x− y), (64)
and if one for convenience sets hµν = Ω
2(x)fµν , then from the form of the (62) line element one obtains
ds2 = −[Ω2(x)ηαβ + hαβ ]dx
αdxβ
= −Ω2(x)[ηαβ + fαβ]dx
αdxβ = Ω2(x)
[
dt2 − δijdx
idxj − f00dt
2 − 2f0idtdx
i − fijdx
idxj
]
,
δijfij = −6ψ + 2∇˜i∇˜
iE, ∇˜jfij = −2∇˜iψ + 2∇˜i∇˜k∇˜
kE + ∇˜k∇˜
kEi,
∇˜i∇˜jfij = −2∇˜k∇˜
kψ + 2∇˜k∇˜
k∇˜ℓ∇˜
ℓE =
4
3
∇˜k∇˜
k∇˜ℓ∇˜
ℓE +
1
3
∇˜k∇˜
kδijfij = 4∇˜k∇˜
kψ + ∇˜k∇˜
k(δijfij),
2φ = −f00, B =
∫
d3yD(3)(x− y)∇˜iyf0i, Bi = f0i − ∇˜iB,
ψ =
1
4
∫
d3yD(3)(x− y)∇˜ky∇˜
ℓ
yfkℓ −
1
4
δkℓfkℓ,
E =
∫
d3yD(3)(x− y)
[
3
4
∫
d3zD(3)(y − z)∇˜kz∇˜
ℓ
zfkℓ −
1
4
δkℓfkℓ
]
,
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Ei =
∫
d3yD(3)(x− y)
[
∇˜jyfij − ∇˜
y
i
∫
d3zD(3)(y − z)∇˜kz∇˜
ℓ
zfkℓ
]
,
2Eij = fij + 2ψδij − 2∇˜i∇˜jE − ∇˜iEj − ∇˜jEi, (65)
with Bi, Ei and Eij then obeying (63). (In (65) in a symbol such as ∇˜
i
y for instance the y indicates that the derivative
is taken with respect to the y coordinate.)
C. SVT in Terms of the Traceless kµν
It is also instructive to reexpress the SVT components in terms of the traceless part of fµν to the degree possible.
Since Kµν = Ω
2kµν is defined in (13) as Kµν = hµν − (1/4)Ω
2ηµνΩ
−2ηαβhαβ = hµν − (1/4)ηµνη
αβhαβ , we can set
kµν = fµν − (1/4)ηµν [−f00 + δ
ijfij ]. From (65) we thus obtain
k00 =
3
4
f00 +
1
4
δkℓfkℓ, k0i = f0i, kij = fij +
1
4
δijf00 −
1
4
δijδ
kℓfkℓ,
φ = −
1
2
f00, B =
∫
d3yD(3)(x − y)∇˜iyk0i, Bi = k0i − ∇˜iB,
ψ =
1
4
∫
d3yD(3)(x− y)∇˜ky∇˜
ℓ
ykkℓ −
3
4
k00 +
1
2
f00,
E =
∫
d3yD(3)(x− y)
[
3
4
∫
d3zD(3)(y − z)∇˜kz∇˜
ℓ
zkkℓ −
1
4
k00
]
,
Ei =
∫
d3yD(3)(x− y)
[
∇˜jykij − ∇˜
y
i
∫
d3zD(3)(y − z)∇˜kz∇˜
ℓ
zkkℓ
]
,
2Eij + 2∇˜i∇˜jE + ∇˜iEj + ∇˜jEi = kij −
1
2
δijk00 +
1
2
δij
∫
d3yD(3)(x− y)∇˜ky∇˜
ℓ
ykkℓ. (66)
As we see, everything can be expressed in terms of kµν together with just one component of fµν = Ω
−2(x)hµν , namely
f00. Also we note that the combination φ+ ψ is independent of f00 and only depends on the components of kµν . As
we will see below this is not accidental.
D. Gauge Structure of the SVT Decomposition
In order to explore the gauge structure of the SVT decomposition we implement an infinitesimal coordinate trans-
formation x¯µ = xµ+ ǫµ(x) on the proper time ds
2 = Ω2(x)[dt2 − δijdx
idxj ]− hµνdx
µdxν . It is convenient to write ǫµ
in the scalar, vector form associated with the background metric ds2 = −Ω2(x)ηµνdx
µdxν = Ω2(x)[dt2 − δijdx
idxj ],
viz.
ǫµ = Ω
2(x)fµ, f0 = −T, fi = Li + ∇˜iL δ
ij∇˜jLi = ∇˜
iLi = 0. (67)
With a general coordinate transformation being of the form g¯µν = (∂x¯µ/∂xσ)(∂x¯ν/∂xτ )gστ , the proper time ds2 and
the fluctuations hµν , fµν = Ω
−2(x)hµν , and kµν = fµν − (1/4)ηµν [−f00 + δ
ijfij ] transform into
ds2 = Ω¯2(x¯)
[
(1 + 2φ¯)dt¯2 − 2(∇˜iB¯ + B¯i)dt¯dx¯
i − [(1− 2ψ¯)δ¯ij + 2∇˜i∇˜jE¯ + ∇˜iE¯j + ∇˜jE¯i + 2E¯ij ]dx¯
idx¯j
]
,
h¯µν = hµν − ∂νǫµ − ∂µǫν + 2Γ
λ
µνǫλ
= hµν − ∂νǫµ − ∂µǫν +Ω
−2(x)[ǫµ∂ν + ǫν∂µ − ǫληµνη
λσ∂σ]Ω
2(x),
f¯µν = fµν − ∂νfµ − ∂µfν − Ω
−2(x)fληµνη
λσ∂σΩ
2(x),
f¯00 = f00 + 2T˙ +Ω
−2(x)[T∂0 + (Li + ∇˜iL)δ
ij∂j ]Ω
2(x),
f¯0i = f0i + ∂iT − L˙i − ∇˜iL˙,
f¯ij = fij − ∂i(Lj + ∇˜jL)− ∂j(Li + ∇˜iL)− δijΩ
−2(x)[T∂0 + (Li + ∇˜iL)δ
ij∂j ]Ω
2(x),
k¯00 = k00 +
3
2
T˙ −
1
2
δij∂i∂jL,
k¯0i = k0i + ∂iT − L˙i − ∇˜iL˙,
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k¯ij = kij − ∂i(Lj + ∇˜jL)− ∂j(Li + ∇˜iL) +
1
2
δij [T˙ + δ
kℓ∂k∂ℓL], (68)
where the dot denotes derivative with respect to t. Expressing the barred SVT basis in terms of the components of
f¯µν by using the same format as in (65), and using the relations between the components of f¯µν and fµν given in (68)
then yields
φ¯ = φ− T˙ − Ω−1[T∂0 + (Li + ∇˜iL)δ
ij∂j ]Ω, B¯ = B + T − L˙, ψ¯ = ψ +Ω
−1[T∂0 + (Li + ∇˜iL)δ
ij∂j ]Ω,
E¯ = E − L, B¯i = Bi − L˙i, E¯i = Ei − Li, E¯ij = Eij , (69)
to lowest order in ǫµ.
In deriving (69) for B and Bi for instance, we set B¯ =
∫
d3yD(3)(x − y)∇˜iy f¯0i =
∫
d3yD(3)(x − y)∇˜iy [f0i + ∂iT −
L˙i − ∇˜iL˙] = B +
∫
d3yD(3)(x− y)∇˜iy∂i(T − L˙), and using an integration by parts, one which we justify in Appendix
E where we show that through appropriate gauge transformations the B and B¯ integrals can be made to exist, obtain
B¯ = B+T−L˙. From this relation we can then set B¯i = f¯0i−∂iB¯ = Bi+∂iB+∂iT−L˙i−∂iL˙−∂i(B+T−L˙) = Bi−L˙i.
An alternative procedure that one could consider employing is to start with f¯0i = B¯i+∂iB¯ = Bi+∂iB+∂iT−L˙i−∂iL˙,
and then apply ∂i to it, to obtain∇2(B¯−B−T+L˙) = 0. However, this latter relation does not require that B¯−B−T+L˙
vanish, as it could be of the form f(t) + n · xg(t) where n is an arbitrary spatially-independent 3-vector and f(t) and
g(t) are arbitrary functions of time. In our procedure this issue does not arise since no derivative condition is met for
any component of fµν . In Appendix E we discuss the point further.
Another procedure that is employed in the literature is to break up the relations between the components of f¯µν
and fµν by equating scalars with scalars, vectors with vectors, tensors with tensors. While valid if the fluctuation is
associated with a single momentum state, it is not valid if the fluctuation is a superposition of momentum states (a
localized source would necessarily be in a superposition of momentum states), since it is not the case that a vector
that is transverse to a given momentum vector is transverse to some other momentum vector. However, by utilizing
the decomposition given in (65) we are able to accommodate arbitrary superpositions of momenta in an approach
which is completely general.
On now eliminating the T , L and Li terms from (69), we obtain four gauge invariant combinations
φ¯+ ψ¯ + ˙¯B − ¨¯E = φ+ ψ + B˙ − E¨, B¯i −
˙¯Ei = Bi − E˙i, E¯ij = Eij ,
φ¯− ψ¯ + ˙¯B − ¨¯E + 2Ω−1
[
(B¯ − ˙¯E)Ω˙− (E¯i + ∂iE¯)δ
ij∂jΩ
]
= φ− ψ + B˙ − E¨ + 2Ω−1
[
(B − E˙)Ω˙− (Ei + ∂iE)δ
ij∂jΩ
]
, (70)
which together contain a total of six degrees of freedom (one scalar, one two-component transverse vector, one two-
component transverse-traceless tensor, and a second scalar). Since a general ten-component hµν is reduced to six
degrees of freedom by imposing four coordinate invariance conditons, the SVT decomposition precisely generates
for us six gauge invariant quantities, just as needed. And other than the last one, none of the other combinations
contains Ω(x), to thus be gauge invariant no matter how arbitrary Ω(x) might be. We note that we would not have
been able to obtain these particular Ω-independent expressions had we defined the fluctuations in (62) without an
overall multiplying factor of Ω2(x). Now in analyzing the gauge structure of (62) we had not imposed any conformal
invariance requirements on it (indeed one uses (62) for fluctuations in Einstein gravity), and yet we see the value in
giving the fluctuations the same overall Ω2(x) factor as the background.
In addition, we note that with the structure given in (70) we can see why a procedure that equates scalars with
scalars, vectors with vectors, tensors with tensors could have a shortcoming. Specifically, if we were to apply such a
procedure to the last combination in (70) we would obtain two separate conditions: one for the φ, ψ, B and E scalars
and the other for the Ei vector. Then we would have seven gauge invariant combinations, but we are only allowed
six. An interplay between the scalar and vector sectors is thus needed in order to maintain gauge invariance.
In the event that Ω(x) is only a function of t (69) reduces to
φ¯ = φ− T˙ − Ω−1Ω˙T, B¯ = B + T − L˙, ψ¯ = ψ +Ω−1Ω˙T, E¯ = E − L,
B¯i = Bi − L˙i, E¯i = Ei − Li, E¯ij = Eij , (71)
and gauge invariant combinations take the form
φ¯+ ψ¯ + ˙¯B − ¨¯E = φ+ ψ + B˙ − E¨, B¯i −
˙¯Ei = Bi − E˙i, E¯ij = Eij ,
ψ¯ − Ω−1Ω˙(B¯ − ˙¯E) = ψ − Ω−1Ω˙(B − E˙). (72)
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Finally, when Ω(x) = 1 (71) reduces to
φ¯ = φ− T˙ , B¯ = B + T − L˙, ψ¯ = ψ, E¯ = E − L,
B¯i = Bi − L˙i, E¯i = Ei − Li, E¯ij = Eij , (73)
and the gauge invariant combinations are then
ψ¯ = ψ, φ¯+ ˙¯B − ¨¯E = φ+ B˙ − E¨, B¯i −
˙¯Ei = Bi − E˙i, E¯ij = Eij . (74)
In addition, we note the transformations of the traceless kµν that are also given in (68) do not involve the quantity
Ω−2(x)[T∂0 + (Li + ∇˜iL)δ
ij∂j ]Ω
2(x). In consequence, the last relation given in (70) does not apply and in the
traceless sector one only has a total of five degrees of freedom (one scalar, one two-component transverse vector,
one two-component transverse-traceless tensor), with a general ten-component hµν being reduced to five degrees of
freedom by imposing four coordinate invariance conditions and one tracelessness condition. Thus while a general
Einstein gravity δGµν + 8πGδTµν fluctuation will only depend on all of the gauge invariant combinations given in
(70), the conformal gravity δWµν will not depend on the last combination given in (70). But since none of the
other combinations given in (70) involve derivatives of Ω(x), the dependence on Ω(x) can only appear as an overall
multiplying factor in δWµν and only the Ω-independent combinations given in (70) can appear. In regard to these
various gauge invariant combinations, we note that inspection of (66) shows that none of the three gauge invariant
combinations given in (70) (combinations that only involve φ+ψ and not φ or ψ separately) depends on the trace of
hµν but only on the components of kµν alone. Since δWµν also does not depend on the trace of hµν for fluctuations
around a conformal to flat background (cf. (50)), it must be the case that when written in the SVT basis, such a
δWµν must only depend on these same three combinations. We now check this directly.
VI. CONFORMAL GRAVITY SVT FLUCTUATIONS IN A CONFORMAL TO FLAT MINKOWSKI
BACKGROUND
Evaluating δWµν for the fluctuations around the conformal to flat Minkowski background geometry as given in
(62) yields (following a machine calculation) the remarkably compact
δW00 = −
2
3Ω2
δmnδℓk∇˜m∇˜n∇˜ℓ∇˜k(φ+ ψ + B˙ − E¨),
δW0i = −
2
3Ω2
δmn∇˜i∇˜m∇˜n∂t(φ+ ψ + B˙ − E¨) +
1
2Ω2
[
δmnδℓk∇˜m∇˜n∇˜ℓ∇˜k(Bi − E˙i)− δ
ℓk∇˜ℓ∇˜k∂
2
t (Bi − E˙i)
]
,
δWij =
1
3Ω2
[
δijδ
ℓk∇˜ℓ∇˜k∂
2
t (φ+ ψ + B˙ − E¨) + δ
ℓk∇˜ℓ∇˜k∇˜i∇˜j(φ+ ψ + B˙ − E¨)
−δijδ
mnδℓk∇˜m∇˜n∇˜ℓ∇˜k(φ+ ψ + B˙ − E¨)− 3∇˜i∇˜j∂
2
t (φ+ ψ + B˙ − E¨)
]
+
1
2Ω2
[
δℓk∇˜ℓ∇˜k∇˜i∂t(Bj − E˙j) + δ
ℓk∇˜ℓ∇˜k∇˜j∂t(Bi − E˙i)− ∇˜i∂
3
t (Bj − E˙j)− ∇˜j∂
3
t (Bi − E˙i)
]
+
1
Ω2
[
δmn∇˜m∇˜n − ∂
2
t
]2
Eij . (75)
In (75) we note that the 3 plus 1 structure is apparent just as it should be, with δW00, δW0i, and δWij respectively
being written entirely in terms of quantities that transform as 3-dimensional scalars, 3-dimensional vectors, and 3-
dimensional rank two tensors. Also each term in δWµν is given as four derivatives of a gauge invariant combination,
with only the Eij term in δWij involving four time derivatives. As we will show in Appendix B this will cause the
Eij modes to be leading at large times.
Despite the fact that we have taken Ω(x) to be completely arbitrary, (75) contains no derivatives of Ω(x). This
is because in a conformal invariant theory δWµν transforms as δWµν → Ω
−2(x)δWµν (cf. (12)), with the δWµν
associated with the metric of (62) being given by Ω−2(x) times the δWµν that would be associated with a (62) metric
without any overall Ω2(x) factor or without any dependence on Ω(x) at all. Because of this, the only gauge invariant
combinations that can appear in the gauge invariant δWµν have to be the ones that are totally independent of Ω
2(x),
just as we have found. This then is the value of defining the fluctuations in (62) so that they expressly have an overall
Ω2(x) factor. And in addition we note that our having obtained an overall factor of Ω−2(x) in (75) provides a nice
internal check on our calculation.
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We also note that the gauge invariance of δWµν is immediately apparent since δWµν only depends on the three
gauge invariant, five degree of freedom φ+ψ+ B˙− E¨, Bi− E˙i, and Eij combinations given in (70). In fact this would
have to be the case, since as we had noted above, δWµν is independent of the trace of hµν , just as are these three
gauge invariant SVT combinations. Moreover, as we had noted earlier and as we now explicitly see, for conformal to
flat backgrounds δWµν must be gauge invariant on its own no matter what form δTµν might take and no matter how
complicated a function Ω(x) might be. Because of this the conformal gravity δTµν must also be gauge invariant on
its own too, and thus it can also be developed in terms of SVT decomposition analogs of the three gauge invariant
quantities given in (70), with a structure of this form being the most general form for δTµν that is allowed in conformal
cosmology.
It is of interest to compare the SVT expression for δWµν given in (75) with the conformal gauge calculation
expression given in (61). As we see, the structure of the Eij term in (75) is of the exactly the same fourth-order
derivative form as found in (61). Now Eij is gauge invariant all on its own. Thus its contribution to δWµν does
not depend on the choice of gauge, and thus its contributions to (61) and (75) must be identical. While we can
identify 2Eij with the transverse (T ) traceless (θ) quantity h
Tθ
ij that we introduce in Appendix E, our interest here is
identifying 2Eij with the relevant components of kij that appear in (61) as constrained by ∂νk
µν = 0, and we shall
explore this issue in Appendix B.
Now unlike conformal gravity, Einstein gravity does not have an underlying conformal structure, and thus the simple
SVT form obtained for δWµν will not have an analog in δGµν , since in Einstein gravity only the entire δGµν+8πGδTµν
is gauge invariant, and thus only δGµν +8πGδTµν can be written in terms of the SVT gauge invariant functions given
in (69) - (74). (An explicit example of this may for instance be found in [31], where the SVT decomposition of the
fluctuation Einstein equations is carried out in a simple case.) Moreover, for the metric given in (62) the SVT structure
given in Appendix C for δGµν when Ω(x) is arbitrary is not just not gauge invariant, it is extremely complicated.
Moreover, as we now show, even for an Ω(x) that only depends on t, the relevant δGµν is not only not gauge invariant,
it is also more complicated that the δWµν associated with the same Ω(t) background (viz. (75), which holds not just
for Ω(t), but for any Ω(x)).
VII. SVT DECOMPOSITION OF δGµν WITH CONFORMAL FACTOR Ω(t)
With background plus fluctuation metric of the form ds2 = Ω2(x)[dt2−δijdx
idxj ]−Ω2(x)fµνdx
µdxν , the fluctuation
in the Einstein tensor is given by
δGµν = −
1
2 ∇˜α∇˜µfν
α − 12 ∇˜α∇˜νfµ
α − ηαβηµνΩ
−1∇˜αf∇˜βΩ+ η
αβΩ−1∇˜αfµν∇˜βΩ + η
βαfµνΩ
−2∇˜αΩ∇˜βΩ
− 12η
αβηµν∇˜β∇˜αf +
1
2ηµν∇˜β∇˜αf
αβ + 12η
αβ∇˜β∇˜αfµν + 2ηµνf
αβΩ−1∇˜β∇˜αΩ− 2η
αβfµνΩ
−1∇˜β∇˜αΩ
+2ηαγηµνΩ
−1∇˜βfα
β∇˜γΩ− η
αγηβκηµνfαβΩ
−2∇˜γΩ∇˜κΩ− η
αβΩ−1∇˜βΩ∇˜µfνα − η
αβΩ−1∇˜βΩ∇˜νfµα
+ 12∇˜ν∇˜µf, (76)
where f denotes ηµνfµν , fα
β denotes ηβγfαγ , f
αβ denotes ηαµηβνfµν , and the covariant derivative ∇˜µ is evaluated
with respect to ηµν . Evaluating this δGµν in the SVT basis given in (62) yields, on restricting Ω to a function of t,
δG00 = 6Ω
−1Ω˙ψ˙ + 2δabΩ−1Ω˙∇˜b∇˜aB − 2δ
abΩ−1Ω˙∇˜b∇˜aE˙ − 2δ
ab∇˜b∇˜aψ,
δG0i = −Ω
−2Ω˙2∇˜iB + 2Ω
−1Ω¨∇˜iB − 2Ω
−1Ω˙∇˜iφ− 2∇˜iψ˙ −BiΩ
−2Ω˙2 + 2BiΩ
−1Ω¨ + 12δ
ab∇˜b∇˜aBi −
1
2δ
ab∇˜b∇˜aE˙i,
δGij = 2δijΩ
−2Ω˙2φ− 4δijΩ
−1Ω¨φ− 2δijΩ
−1Ω˙φ˙+ 2δijΩ
−2Ω˙2ψ − 4δijΩ
−1Ω¨ψ − 4δijΩ
−1Ω˙ψ˙ − 2δijψ¨
−2δabδijΩ
−1Ω˙∇˜b∇˜aB − δ
abδij∇˜b∇˜aB˙ + 2δ
abδijΩ
−1Ω˙∇˜b∇˜aE˙ + δ
abδij∇˜b∇˜aE¨ − δ
abδij∇˜b∇˜aφ+ δ
abδij∇˜b∇˜aψ
+2Ω−1Ω˙∇˜j∇˜iB + ∇˜j∇˜iB˙ − 2Ω
−2Ω˙2∇˜j∇˜iE + 4Ω
−1Ω¨∇˜j∇˜iE − 2Ω
−1Ω˙∇˜j∇˜iE˙ − ∇˜j∇˜iE¨ + ∇˜j∇˜iφ− ∇˜j∇˜iψ
+Ω−1Ω˙∇˜iBj +
1
2∇˜iB˙j − Ω
−2Ω˙2∇˜iEj + 2Ω
−1Ω¨∇˜iEj − Ω
−1Ω˙∇˜iE˙j −
1
2∇˜iE¨j +Ω
−1Ω˙∇˜jBi +
1
2∇˜jB˙i
−Ω−2Ω˙2∇˜jEi + 2Ω
−1Ω¨∇˜jEi − Ω
−1Ω˙∇˜jE˙i −
1
2∇˜jE¨i − E¨ij − 2E˙ijΩ
−1Ω˙− 2EijΩ
−2Ω˙2 + 4EijΩ
−1Ω¨
+δab∇˜b∇˜aEij , (77)
where as before ∇˜i denotes the covariant derivative with respect to δij .
If we set Ω(x) = 1 with the line element then being of the form ds2 = dt2− δijdx
idxj − fµνdx
µdxν , (77) reduces to
δG00 = −2δ
ab∇˜b∇˜aψ,
δG0i = −2∇˜iψ˙ +
1
2δ
ab∇˜b∇˜a(Bi − E˙i),
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δGij = −2δijψ¨ − δ
abδij∇˜b∇˜a(φ+ B˙ − E¨) + δ
abδij∇˜b∇˜aψ + ∇˜j∇˜i(φ + B˙ − E¨)− ∇˜j∇˜iψ
+ 12∇˜i(B˙j − E¨j) +
1
2∇˜j(B˙i − E¨i)− E¨ij + δ
ab∇˜b∇˜aEij . (78)
Thus as had been noted earlier, the only situation in which δGµν is gauge invariant is for fluctuations around a flat
background (compare (78) with (74)) since it is only in that case that the Einstein gravity background Tµν is zero.
Even though δGµν is not gauge invariant when there is an Ω(t), the very lack of gauge invariance of (77) shows exactly
what the gauge structure of δTµν must be since the total δGµν + 8πGδTµν is gauge invariant. As we see from (78),
for fluctuations around flat δGµν depends on all four of the gauge invariant combinations listed in (74). δGµν thus
depends on a total of six degrees of freedom, just as is appropriate to a theory in which coordinate invariance reduces
an initial ten component hµν to six physical components.
Appendix A: Conformal to Flat Minkowski Cosmological Backgrounds
1. Robertson-Walker Metric with k = 0 Written in Conformal to Flat Form
In order to apply (61) to cosmology we need to write the Robertson-Walker and de Sitter background geometries
in a conformal to flat Minkowski form. For a k = 0 Robertson-Walker background the comoving coordinate system
metric takes the form
ds2(comoving) = dt2 − a2(t)[dx2 + dy2 + dz2]. (A1)
The straightforward introduction of the conformal time
dτ =
∫
dt
a(t)
(A2)
then allows us to write the conformal time metric as
ds2(conformal time) = a2(τ)[dτ2 − dx2 − dy2 − dz2]. (A3)
2. Robertson-Walker Metric with k > 0 Written in Conformal to Flat Form
For a k > 0 or a k < 0 Robertson-Walker background the comoving and conformal time coordinate system metrics
take the form
ds2(comoving) = dt2 − a2(t)
[
dr2
1− kr2
+ r2dθ2 + r2 sin2 θdφ2
]
,
ds2(conformal time) = a2(τ)
[
dτ2 −
dr2
1− kr2
− r2dθ2 − r2 sin2 θdφ2
]
. (A4)
To bring the RW geometries with non-zero k to a conformal to flat form requires coordinate transformations that
involve both τ and r. For the k > 0 case first, it is convenient to set k = 1/L2, and introduce sinχ = r/L, with the
conformal time metric given in (A4) then taking the form
ds2 = L2a2(p)
[
dp2 − dχ2 − sin2 χdθ2 − sin2 χ sin2 θdφ2
]
, (A5)
where p = τ/L. Following e.g. [1] we introduce
p′ + r′ = tan[(p+ χ)/2], p′ − r′ = tan[(p− χ)/2], p′ =
sin p
cos p+ cosχ
, r′ =
sinχ
cos p+ cosχ
, (A6)
so that
dp′2 − dr′2 =
1
4
[dp2 − dχ2] sec2[(p+ χ)/2] sec2[(p− χ)/2],
1
4
(cos p+ cosχ)2 = cos2[(p+ χ)/2] cos2[(p− χ)/2] =
1
[1 + (p′ + r′)2][1 + (p′ − r′)2]
. (A7)
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With these transformations the k > 0 line element then takes the conformal to flat form
ds2 =
4L2a2(p)
[1 + (p′ + r′)2][1 + (p′ − r′)2]
[
dp′2 − dr′2 − r′2dθ2 − r′2 sin2 θdφ2
]
. (A8)
To bring the spatial sector of (A8) to Cartesian coordinates we set x′ = r′ sin θ cosφ, y′ = r′ sin θ sinφ, z′ = r′ cos θ
and thus bring the line element to the form
ds2 = L2a2(p)(cos p+ cosχ)2
[
dp′2 − dx′2 − dy′2 − dz′2
]
, (A9)
where now r′ = (x′2 + y′2 + z′2)1/2. With these transformations (A9) is now in the form given in (6).
3. Robertson-Walker Metric with k < 0 Written in Conformal to Flat Form
For the k < 0 case, it is convenient to set k = −1/L2, and introduce sinhχ = r/L, with the conformal time metric
given in (A4) then taking the form
ds2 = L2a2(p)
[
dp2 − dχ2 − sinh2χdθ2 − sinh2χ sin2 θdφ2
]
, (A10)
where p = τ/L. Next we introduce
p′ + r′ = tanh[(p+ χ)/2], p′ − r′ = tanh[(p− χ)/2], p′ =
sinh p
cosh p+ coshχ
, r′ =
sinhχ
cosh p+ coshχ
, (A11)
so that
dp′2 − dr′2 =
1
4
[dp2 − dχ2]sech2[(p+ χ)/2]sech2[(p− χ)/2],
1
4
(cosh p+ coshχ)2 = cosh2[(p+ χ)/2]cosh2[(p− χ)/2] =
1
[1− (p′ + r′)2][1− (p′ − r′)2]
. (A12)
With these transformations the line element takes the conformal to flat form
ds2 =
4L2a2(p)
[1− (p′ + r′)2][1− (p′ − r′)2]
[
dp′2 − dr′2 − r′2dθ2 − r′2 sin2 θdφ2
]
. (A13)
The spatial sector can then be written in Cartesian form
ds2 = L2a2(p)(cosh p+ coshχ)2
[
dp′2 − dx′2 − dy′2 − dz′2
]
, (A14)
where again r′ = (x′2 + y′2+ z′2)1/2. We note that in transforming from (A4) to (A9) or to (A14) we have only made
coordinate transformations and not made any conformal transformation.
4. Conformal Cosmological Background Solutions with a Cosmological Constant
While the conformal to flat Minkowski structures given in (A3), (A9) and (A14) are purely kinematical, the explicit
form of a(t) can be determined once a dynamics has been specified. Thus in regard to a de Sitter or anti-de Sitter
cosmology, a de Sitter or an anti-de Sitter geometry is just a particular case of a Robertson-Walker geometry in
which a(t) has a specific assigned value for each possible choice of spatial 3-curvature k. On writing the maximally
4-symmetric geometry condition Rµν = −3αgµν in Robertson-Walker form one obtains
a˙2(t) + k = αa2(t). (A15)
(In terms of the scalar field model described in (32) – (35) we have K = α = −2λSS
2
0 .) Here α is positive for de
Sitter and negative for anti-de Sitter. Allowable solutions to (A15) depend on the values of α and k, and are of the
form (see e.g. [2])
a(t, α > 0, k < 0) =
(
−
k
α
)1/2
sinh(α1/2t),
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a(t, α > 0, k = 0) = a(t = 0) exp(α1/2t),
a(t, α > 0, k > 0) =
(
k
α
)1/2
cosh(α1/2t),
a(t, α = 0, k < 0) = (−k)1/2t,
a(t, α < 0, k < 0) =
(
k
α
)1/2
sin((−α)1/2t). (A16)
In these solutions (A3), (A9), and (A14) all apply to a de Sitter or an anti-de Sitter cosmology.
5. Conformal Cosmological Background Solutions with a Cosmological Constant and a Radiation Fluid
For Robertson-Walker cosmologies we note that with slight modification we can extend the scalar field model given
above to include a perfect fluid, with the energy-momentum tensor then being given by [32]
T µνS = (ρ+ p)UµUν + pgµν −
1
6
S20
(
Rµν −
1
2
gµνRαα
)
− gµνλSS
4
0 , (A17)
with the background conformal cosmology still obeying T µνS = 0 since the background Robertson-Walker geometry
continues to obey Wµν = 0. On taking the perfect fluid energy-momentum tensor to be traceless radiation (viz.
ρ = 3p, ρ = A/a4(t), A > 0) as needed in the early universe, and with α = −2λSS
2
0 as before, the evolution equation
takes the form
a˙2 + k = αa2 −
2A
S20a
2
, (A18)
with allowed solutions to the cosmology being given by [32]
a(t, α > 0, k < 0, A > 0) =
(
−
k(β − 1)
2α
−
kβ
α
sinh2(α1/2t)
)1/2
,
a(t, α > 0, k = 0, A > 0) =
(
−
A
λSS40
)1/4
cosh1/2(2α1/2t),
a(t, α > 0, k > 0, A > 0) =
(
−k(β − 1)
2α
+
kβ
α
cosh2(α1/2t)
)1/2
,
a(t, α = 0, k < 0, A > 0) =
(
−
2A
kS20
− kt2
)1/2
,
a(t, α < 0, k < 0, A > 0) =
(
−
k(β − 1)
2α
+
kβ
α
sin2((−α)1/2t)
)1/2
, (A19)
where β = (1 + 8Aα/k2S20)
1/2.
Appendix B: Early Universe Fluctuations around Conformal to Flat Minkowski Backgrounds
1. Transforming Solutions from Conformal to Flat to Comoving
In terms of practical applications of the conformal gravity theory we note that we have studied the current era
conformal cosmology associated with (A17), with very good non-fine-tuned, negative k driven fits to the accelerating
universe Hubble plot data having been presented in [2, 4]. Similarly, very good non-fine-tuned, negative k driven
fits to the galactic rotation curves of 138 spiral galaxies have been presented in [33–35], fits in which no galactic
dark matter is needed at all. (The essence of these rotation curve fits is that in the conformal gravity theory a test
particle in a galaxy is affected by both the local galactic field and the global cosmological field, with the systematics
of galactic rotation curves being found to be sensitive to the spatial curvature of the Universe – in fact it is this global
cosmological effect that removes the need for the presence of dark matter within galaxies in the conformal theory.)
We shall thus consider conformal gravity fluctuations in Robertson-Walker cosmologies with negative k.
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In conformal gravity fitting to the current era Hubble plot the cosmological constant term is found to dominate over
the perfect fluid contribution. However in the early universe it has to be the other way round with a not-yet-red-shifted
radiation era perfect fluid being the dominant contribution since a(t) is small and A/a4(t) is large. Moreover, if the
A/a4(t) radiation contribution is dominant, then since k is given by k = −a˙2 − 2A/a2S20 when the α contribution
in (A18) is negligible, we are led right back to our observationally preferred negative k. (This line of reasoning for
fixing the sign of k is essentially the same as the one used in (40) above.) Thus for studying fluctuation growth in
the early universe the only relevant solution for a(t) is the a(t, α = 0, k < 0, A > 0) one. For this solution, on setting
k = −1/L2, d2 = 2AL4/S20 , and L
2a2(t) = (d2 + t2), we obtain
τ = L
∫ t
0
dt
(d2 + t2)1/2
= L arcsinh
(
t
d
)
, t = d sinh p, (B1)
where p = τ/L. Now according to (29) fluctuations around a flat background would grow linearly in the relevant time
variable, which according to the k < 0 (A14) is p′. If we define Ω(p, χ) = La(p)(cosh p+ coshχ), we can write (A14)
in the form
ds2 = Ω2(p, χ)
[
dp′2 − dx′2 − dy′2 − dz′2
]
. (B2)
And with fluctuation δWµν being given in (61) as δWµν = (1/2)Ω
−2ησρηαβ∂σ∂ρ∂α∂βkµν where kµν = Ω
−2(x)Kµν ,
following (29) we can write the solution to δWµν = 0 in the primed-variable form
kµν = A
′
µνe
ik′·x′ + (n′ · x′)B′µνe
ik′·x′ +A′∗µνe
−ik′·x′ + (n′ · x′)B′∗µνe
−ik′·x′ , (B3)
where ηµνk′µk
′
ν = 0. Then with the conformal gauge condition being of the form ∂
′
νk
µν = 0 in this case (where
kµν = ηµαηνβkαβ), we obtain
ik′ν
[
A′µνe
ik′·x′ + (n′ · x′)B′µνe
ik′·x′ −A′∗µνe
−ik′·x′ − (n′ · x′)B′∗µνe
−ik′·x′
]
+n′ν
[
B′µνe
ik′·x′ +B′∗µνe
−ik′·x′
]
= 0. (B4)
With this relation holding for all x′ we obtain
ik′νA′µν + n
′νB′µν = 0, ik
′νB′µν = 0, −ik
′νA′∗µν + n
′νB′∗µν = 0, −ik
′νB′∗µν = 0. (B5)
With the B′µν term being leading in (B3) at large n
′ ·x′, we can ignore the non-leading A′µν modes, and treat the B
′
µν
modes as obeying the transverse momentum space condition ik′νB′µν = 0, −ik
′νB′∗µν = 0. Since the gauge condition
∂′νk
µν = 0 takes this momentum space form, it means that all of the components of the B′µν modes have the same
(n′ ·x′)eik
′·x′ leading behavior in coordinate space. And with n′µ = (1, 0, 0, 0), the modes grow linearly in the relevant
time variable p′ associated with (B2).
To determine the structure of these solutions in the comoving coordinate system we need to both reexpress Ω(p, χ)
in terms of the comoving coordinates (t, r) and transform the components of the fluctuation Kµν to the comoving
coordinate system. For the Ω(p, χ) term first we note that fluctuations around the conformal to flat, k < 0 Robertson-
Walker geometry grow as Ω2(p, χ)p′ as per (61). Thus from (A14), (A11), and (B1) we find that Ω2(p, χ)p′ grows
as
Ω2(p, χ)p′ = L2a2(p)(cosh p+ coshχ)2p′ = L2a2(p) sinh p(cosh p+ coshχ)
= (d2 + t2)
t
d
[(
1 +
t2
d2
)1/2
+
(
1 +
r2
L2
)1/2]
. (B6)
Ω2(p, χ)p′ thus starts off linearly in t when t ≪ d, and subsequently then grows as t4 when t ≫ d. Thus in the
conformal to flat Minkowski coordinate system given in (A14) all the components of Kµν grow as t
4 when t≫ d.
To transform the fluctuation itself we note that transforming from (A14) to (A13) has no effect on the p′ behavior.
However transforming the spatial coordinates from the Cartesian (A14) to the polar (A13) does introduce a dependence
on r′ wherever there is an angular component, and thus it does introduce a dependence on the comoving t. Specifically,
in terms of the Kx′x′ type fluctuations in the (A14) coordinate system, in the (A13) coordinate system we can set
Kθθ = (r
′ cos θ cosφ)2Kx′x′ + (r
′ cos θ sinφ)2Ky′y′ + (r
′ sin θ)2Kz′z′
=
sinh2 χ
(cosh p+ coshχ)2
[cos2 θ cos2 φKx′x′ + cos
2 θ sin2 φKy′y′ + sin
2 θKz′z′ ]
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=
r2d2
[L(d2 + t2)1/2 + d(L2 + r2)1/2]2
[cos2 θ cos2 φKx′x′ + cos
2 θ sin2 φKy′y′ + sin
2 θKz′z′ ],
Kr′θ = r
′ cos θ sin θ cos2 φKx′x′ + r
′ cos θ sin θ sin2 φKy′y′ − r
′ sin θ cos θKz′z′
=
sinhχ
(cosh p+ coshχ)
[cos θ sin θ cos2 φKx′x′ + cos θ sin θ sin
2 φKy′y′ − sin θ cos θKz′z′ ],
Kp′θ = r
′ cos θ cosφKp′x′ + r
′ cos θ sinφKp′y′ − r
′ sin θKp′z′
=
sinhχ
(cosh p+ coshχ)
[cos θ cosφKp′x′ + cos θ sinφKp′y′ − sin θKp′z′ ], (B7)
with analogous expressions for Kθφ, Kφφ, Kr′φ and Kp′φ. The r
′ = sinhχ/(cosh p+ coshχ) prefactor in (B7) has the
property that at large t it behaves as t0 if p = χ, viz. t = r with both t and r large (lightlike case), and as t−1 if
p≫ χ, viz. t≫ r (timelike case).
To transform from (A13) to (A10) we need to transform from (p′, r′) to (p, χ). To transform from (A10) to the
comoving Robertson-Walker metric given (A4) we need to transform from (p, χ) to (t, r). Since the angular sector
is unaffected by the transformation from (A13) to (A4), the angular sector fluctuations Kθθ, Kθφ, Kφφ associated
with the comoving Robertson-Walker geometry given in (A4) will thus grow as t4 itself as modified by the prefactor
in (B7), and thus as t4 for the lightlike case (the solutions to ησρηαβ∂σ∂ρ∂α∂β [Ω
−2(x)Kµν ] = 0 as given in (B3) are
lightlike), and as t2 for the timelike case. With the ds2 = 0 light cone being both general coordinate invariant and
conformal invariant, lightlike modes associated with the (A14) metric will transform into lightlike modes associated
with the metric (A4). A t4 growth for lightlike modes is a quite substantial growth rate, a growth rate that is not
achievable in standard Einstein gravity if one uses the same radiation matter source.
Since in transforming from one coordinate system to another the transformation is effected by
Kµν =
∂x′α
∂xµ
∂x′β
∂xν
K ′αβ , (B8)
the transformations between the (p′, r′), (p, χ) and (t, r) coordinate systems are effected by
∂p′
∂p
=
∂r′
∂χ
=
1 + cosh p coshχ
[cosh p+ coshχ]2
,
∂p′
∂χ
=
∂r′
∂p
= −
sinh p sinhχ
[cosh p+ coshχ]2
,
∂p
∂t
=
1
La(t)
,
∂χ
∂r
=
1
L coshχ
. (B9)
Discussion of (B9) depends on whether p = χ or p ≫ χ. Since according to (B1) t = d sinh p when La(t) =
(d2 + t2)1/2, at large t we see that when p = χ (i.e. both p and χ then being large) we have
∂p′
∂p
=
∂r′
∂χ
= 1,
∂p′
∂χ
=
∂r′
∂p
= 1,
∂p
∂t
=
1
t
,
∂χ
∂r
=
d
Lt
. (B10)
Thus going from (A13) to (A10) ((p′, r′) to (p, χ)) will involve no suppression. Then in going from (A10) to the
comoving (A4) ((p, χ) to (t, r)) we will get a 1/t2 suppression in the Ktt, Ktr and Krr sectors, a 1/t suppression for
Ktθ, Ktφ, Krθ and Krφ, and no suppression for Kθθ, Kθφ and Kφφ since in this case the prefactor in (B7) behaves
as t0. Finally, incorporating the t4 dependence of Ω2(p, χ)p′, we find that overall Ktt, Ktr and Krr grow as t
2, Ktθ,
Ktφ, Krθ and Krφ grow as t
3, and Kθθ, Kθφ and Kφφ grow as t
4. Thus all seven of the Ktt, Ktr, Krr, Ktθ, Ktφ, Krθ
and Krφ are suppressed with respect to Kθθ, Kθφ and Kφφ, so the leading growth will be the t
4 growth associated
with the angular Kθθ, Kθφ and Kφφ.
Similarly, at large p≫ χ the transformations behave as
∂p′
∂p
=
∂r′
∂χ
=
d coshχ
t
,
∂p′
∂χ
=
∂r′
∂p
= −
d sinhχ
t
,
∂p
∂t
=
1
t
,
∂χ
∂r
=
1
L coshχ
. (B11)
Thus in going from (A13) to (A10) we will get a 1/t2 suppression in the Kpp, Kpχ and Kχχ sectors, a 1/t suppression
in the Kpθ, Kpφ, Kχθ, and Kχφ sectors, and no suppression in the Kθθ, Kθφ, Kφφ sectors. Then in going from
(A10) to the comoving (A4) we will get an additional 1/t2 suppression in the Ktt sector, and an additional 1/t
suppression in the Ktr, Ktθ, Ktφ sectors. Thus in going from (A13) to (A4) we get a net 1/t
4 suppression for Ktt, a
net 1/t3 suppression for Ktr, a net 1/t
2 suppression for Krr, Ktθ, Ktφ, a net 1/t suppression for Krθ and Krφ, and no
suppression for Kθθ, Kθφ and Kφφ. Finally, incorporating the t
4 dependence of Ω2(p, χ)p′ and including the prefactor
in (B7), we find that overall Ktt ∼ t
0, Ktr ∼ t
1, Ktθ ∼ t
1, Ktφ ∼ t
1, while Krr ∼ t
2, Krθ ∼ t
2, Krφ ∼ t
2, Kθθ ∼ t
2,
Kθφ ∼ t
2 and Kφφ ∼ t
2. Thus the leading growth will grow as t2. To understand this pattern we note that when χ
is negligible then so is r, and the spatial part of the metric in (A4) effectively becomes flat. Consequently, Ktr, Ktθ
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and Ktφ all then have the same time behavior (viz. t
1), and Krr, Krθ, Krφ, Kθθ, Kθφ and Kφφ all have the same
time behavior (viz. t2), with t2 being the leading growth.
To compare with the results obtained in [1], we note that there we imposed a transverse gauge condition and had
restricted to modes that obeyed the synchronous condition K0µ = 0. We had worked in a spherical polar coordinate
basis for the modes, and in the angular sector had obtained
Kθθ(t, r, θ, φ) = L
2a2(t) cosh2[(p+ χ)/2] cosh2[(p− χ)/2]
×
[
2α
(−)
θθ + β
(−)
θθ tanh[(p+ χ)/2] + β
(−)
θθ tanh[(p− χ)/2]
]
×
[
tanh[(p+ χ)/2]− tanh[(p− χ)/2]
]
exp[−iq(p′ − r′)]
sin2 θ
, (B12)
where α
(−)
θθ and β
(−)
θθ are constants and q is the radial momentum of the mode. For our purposes here we note that is
more convenient to solve the radial equation not in terms of eiqr
′
functions, but in terms of spherical Bessel functions
instead, with the relevant one being j0(qr
′) = sin(qr′)/qr′. We thus replace (B12) by
Kθθ(t, r, θ, φ) = L
2a2(t) cosh2[(p+ χ)/2] cosh2[(p− χ)/2]
×
[
2α
(−)
θθ + β
(−)
θθ tanh[(p+ χ)/2] + β
(−)
θθ tanh[(p− χ)/2]
]
×
[
tanh[(p+ χ)/2]− tanh[(p− χ)/2]
]
exp[−iqp′]
sin2 θ
qr′j0(qr
′), (B13)
With r′ being given by r′ = (tanh[(p+ χ)/2]− tanh[(p− χ)/2])/2 = sinhχ/(cosh p+ coshχ), we can thus set:
Kθθ(t, r, θ, φ) = L
2a2(t)
[
α
(−)
θθ + β
(−)
θθ
sinh p
cosh p+ coshχ
]
sinh2 χ
exp[−iqp′]
sin2 θ
qj0(qr
′). (B14)
Thus, for the lightlike p = χ case (where r′ → 1/2 at large p) Kθθ(t, r, θ, φ) grows like t
4, while for the timelike p≫ χ
case (where r′ → 0 at large p) Kθθ(t, r, θ, φ) grows like t
2, just as found above. (The timelike t2 growth had been
incorrectly given in [1].) Interestingly, in [1] we had only considered a particular class of solutions, namely those with
Ktt = 0, Ktr = 0, Ktθ = 0 and Ktφ = 0. We now see that for both p = χ and p ≫ χ, all of the modes that obey
the synchronous condition K0µ = 0 are non-leading, with the angular modes respectively being leading or coleading
in the two cases.
2. Comparison with SVT
It is of interest to see how the behavior in time that we have found is compatible with the SVT approach. As we see
from (75), the various gauge invariant combinations that appear in it appear with differing orders of time derivatives.
Eij is the only one that appears with a fourth-order time derivative, and is the only one that obeys exactly the
same equation as kµν = Ω
−2Kµν does in in (61). Now according to (66), the relation between Eij and kij is quite
complicated. However if we work in the gauge ∂νk
µν = 0 and then set k0µ = 0, we find that kij obeys the transverse
condition ∂jk
ij = 0. Under these conditions we find that 2Eij = kij , with both quantities being both transverse and
traceless with respect to the spatial part of the metric.
Now while one is not free to impose the synchronous gauge condition k0µ = 0 in the equations of motion since we
have already used up the gauge freedom in order to set ∂νk
µν = 0, we can still look for solutions to the equations
of motion that obey k0µ = 0. Since we have shown that for a radiation-fluid-dominated early Universe conformal
Robertson-Walker cosmology all four k0µ components become non-leading at late times, at late times the solution
becomes synchronous, and it is legitimate to drop the four k0µ components of kµν .
Now even with k0µ = 0, kij would still contain six components as constrained by η
µνkµν = −k00+δ
ijkij = δ
ijkij = 0.
In comparison, Eij only contains two independent components. However, in polar coordinates krr, krθ and krφ are
also non-leading in the solution in the lightlike p = χ case. The leading part of the traceless kij thus reduces to just
the two independent components kθφ and kφφ = − sin
2 θkθθ in the lightlike case, and they can be identified with the
two-component Eij , just as required. Since we have introduced an overall factor of Ω
2(x) in defining the SVT basis in
(62), it is the two independent components of Ω2Eij that are equivalent to the two leading components of Kij = Ω
2kij
in the lightlike case, as they all grow as a leading t4 in the early Universe.
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For completeness we note that if we consider an era that is cosmological constant dominated, then with k < 0 the
relevant solution is a(t, α > 0, k < 0) = sinh(α1/2t)/Lα1/2. For this solution we obtain
Lp = τ = Lα1/2
∫ t
ti
dt
sinh(α1/2t)
= L log tanh(α1/2t/2)
∣∣∣∣
t
ti
, ep =
tanh(α1/2t/2)
tanh(α1/2ti/2)
, (B15)
as normalized so that p = 0 at a convenient initial time ti. The Ω
2p′ contribution to the fluctuations thus grows as
L2a2(p) sinh p(cosh p+ coshχ) =
1
4α
sinh2(α1/2t)
[
tanh(α1/2t/2)
tanh(α1/2ti/2)
−
tanh(α1/2ti/2)
tanh(α1/2t/2)
]
×
[
tanh(α1/2t/2)
tanh(α1/2ti/2)
+
tanh(α1/2ti/2)
tanh(α1/2t/2)
+ 2
(
1 +
r2
L2
)1/2]
, (B16)
i.e. as exp(2α1/2t) at large t, while the transformation factors behave as
∂p′
∂p
=
∂r′
∂χ
= 1,
∂p′
∂χ
=
∂r′
∂p
= −1,
∂p
∂t
=
α1/2
sinh(α1/2t)
,
∂χ
∂r
=
1
L coshχ
(B17)
in the lightlike case. When t → ∞ the Ω2p′ contribution grows as exp(2α1/2t). Hence for the overall growth in the
lighlike case the components behave as Ktt ∼ t
0, Ktr ∼ exp(α
1/2t), Ktθ ∼ exp(α
1/2t), Ktφ ∼ exp(α
1/2t), with the six
other Krr, Krθ, Krφ, Kθθ, Kθφ and Kφφ components behaving as a leading exp(2α
1/2t) at late times, i.e. growing as
rapidly as the background itself, just as is found in standard Einstein gravity for radiative modes in a cosmological
constant dominated k = 0 cosmology.
Appendix C: SVT Decomposition of δGµν with General Ω(x)
With a general conformal to flat Minkowski background plus fluctuation metric being of the form ds2 = Ω2(x)[dt2−
δijdx
idxj ] − Ω2(x)fµνdx
µdxν , then with ∇˜a denoting the covariant derivative with respect to δij , the fluctuation in
the Einstein tensor in the SVT basis associated with (62) is given by
δG00 = 6Ω
−1Ω˙ψ˙ + 4Ω−1∇˜aΩ˙∇˜
aB − 2Ω−2Ω˙∇˜aΩ∇˜
aB − 2Ω−1∇˜aΩ∇˜
aψ − 2Ω−2φ∇˜aΩ∇˜
aΩ− 2Ω−2ψ∇˜aΩ∇˜
aΩ
+2δabΩ−1Ω˙∇˜b∇˜aB − 2δ
abΩ−1Ω˙∇˜b∇˜aE˙ − 2δ
ab∇˜b∇˜aψ + 4δ
abΩ−1φ∇˜b∇˜aΩ+ 4δ
abΩ−1ψ∇˜b∇˜aΩ
+2Ω−2∇˜aΩ∇˜b∇˜aE∇˜
bΩ− 2δbcΩ−1∇˜aΩ∇˜c∇˜b∇˜aE − 4δ
abδcdΩ−1∇˜c∇˜aE∇˜d∇˜bΩ+ 4B
aΩ−1∇˜aΩ˙− 2B
aΩ−2Ω˙∇˜aΩ
+2Ω−2∇˜aΩ∇˜bΩ∇˜
bEa − 4Ω−1∇˜b∇˜aΩ∇˜
bEa − 2δbcΩ−1∇˜aΩ∇˜c∇˜bEa − 4E
abΩ−1∇˜b∇˜aΩ+ 2EabΩ
−2∇˜aΩ∇˜bΩ, (C1)
δG0i = −Ω
−2Ω˙2∇˜iB + 2Ω
−1Ω¨∇˜iB +Ω
−2∇˜aΩ∇˜
aΩ∇˜iB − 2δ
abΩ−1∇˜b∇˜aΩ∇˜iB − 2Ω
−1Ω˙∇˜iφ− 2∇˜iψ˙
+2Ω−1ψ˙∇˜iΩ− 2Ω
−1∇˜aΩ∇˜i∇˜aE˙ −BiΩ
−2Ω˙2 + 2BiΩ
−1Ω¨ + Ω−1∇˜aΩ∇˜
aBi − Ω
−1∇˜aΩ∇˜
aE˙i +BiΩ
−2∇˜aΩ∇˜
aΩ
+ 12δ
ab∇˜b∇˜aBi −
1
2δ
ab∇˜b∇˜aE˙i − 2Biδ
abΩ−1∇˜b∇˜aΩ− Ω
−1∇˜aΩ∇˜iB
a − Ω−1∇˜aΩ∇˜iE˙
a − 2E˙iaΩ
−1∇˜aΩ, (C2)
δGij = 2δijΩ
−2Ω˙2φ− 4δijΩ
−1Ω¨φ− 2δijΩ
−1Ω˙φ˙+ 2δijΩ
−2Ω˙2ψ − 4δijΩ
−1Ω¨ψ − 4δijΩ
−1Ω˙ψ˙ − 2δijψ¨
−4δijΩ
−1∇˜aΩ˙∇˜
aB + 2δijΩ
−2Ω˙∇˜aΩ∇˜
aB − 2δijΩ
−1∇˜aΩ∇˜
aB˙ − 2δijΩ
−1∇˜aΩ∇˜
aφ− 2Ω−1∇˜a∇˜j∇˜iE∇˜
aΩ
−2δabδijΩ
−1Ω˙∇˜b∇˜aB − δ
abδij∇˜b∇˜aB˙ + 2δ
abδijΩ
−1Ω˙∇˜b∇˜aE˙ + δ
abδij∇˜b∇˜aE¨ − δ
abδij∇˜b∇˜aφ+ δ
abδij∇˜b∇˜aψ
−2δijΩ
−2∇˜aΩ∇˜b∇˜aE∇˜
bΩ + 2δbcδijΩ
−1∇˜aΩ∇˜c∇˜b∇˜aE + 4δ
abδcdδijΩ
−1∇˜c∇˜aE∇˜d∇˜bΩ+ 2Ω
−1∇˜iΩ∇˜jψ
+2Ω−1∇˜iψ∇˜jΩ + 2Ω
−1Ω˙∇˜j∇˜iB + ∇˜j∇˜iB˙ − 2Ω
−2Ω˙2∇˜j∇˜iE + 4Ω
−1Ω¨∇˜j∇˜iE + 2Ω
−2∇˜aΩ∇˜
aΩ∇˜j∇˜iE
−4δabΩ−1∇˜b∇˜aΩ∇˜j∇˜iE − 2Ω
−1Ω˙∇˜j∇˜iE˙ − ∇˜j∇˜iE¨ + ∇˜j∇˜iφ− ∇˜j∇˜iψ − 4B
aδijΩ
−1∇˜aΩ˙− 2B˙
aδijΩ
−1∇˜aΩ
+2BaδijΩ
−2Ω˙∇˜aΩ− 2δijΩ
−2∇˜aΩ∇˜bΩ∇˜
bEa + 4δijΩ
−1∇˜b∇˜aΩ∇˜
bEa + 2δbcδijΩ
−1∇˜aΩ∇˜c∇˜bEa +Ω
−1Ω˙∇˜iBj
+ 12∇˜iB˙j − Ω
−2Ω˙2∇˜iEj + 2Ω
−1Ω¨∇˜iEj +Ω
−2∇˜aΩ∇˜
aΩ∇˜iEj − 2δ
abΩ−1∇˜b∇˜aΩ∇˜iEj − Ω
−1Ω˙∇˜iE˙j −
1
2∇˜iE¨j
+Ω−1Ω˙∇˜jBi +
1
2∇˜jB˙i − Ω
−2Ω˙2∇˜jEi + 2Ω
−1Ω¨∇˜jEi +Ω
−2∇˜aΩ∇˜
aΩ∇˜jEi − 2δ
abΩ−1∇˜b∇˜aΩ∇˜jEi − Ω
−1Ω˙∇˜jE˙i
− 12∇˜jE¨i − 2Ω
−1∇˜aΩ∇˜j∇˜iEa − E¨ij − 2E˙ijΩ
−1Ω˙− 2EijΩ
−2Ω˙2 + 4EijΩ
−1Ω¨ + 2Ω−1∇˜aEij∇˜
aΩ
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+2EijΩ
−2∇˜aΩ∇˜
aΩ + δab∇˜b∇˜aEij − 4Eijδ
abΩ−1∇˜b∇˜aΩ+ 4E
abδijΩ
−1∇˜b∇˜aΩ− 2EabδijΩ
−2∇˜aΩ∇˜bΩ
−2Ω−1∇˜aΩ∇˜iEja − 2Ω
−1∇˜aΩ∇˜jEia. (C3)
In δG00 there are 21 terms, in δG0i there are 19 terms, and in δGij there are 68 terms. In comparison, as we see from
(75), in δW00 there are 4 terms, in δW0i there are 8 terms, and in δWij there are 27 terms. And unlike δWµν , for any
Ω(x) not equal to one δGµν is not gauge invariant.
Appendix D: Compact Expressions for δGµν in some Specific Gauges
For the conformal to flat Minkowski line element ds2 = −Ω2(x)(ηµν + fµν)dx
µdxν , where Ω(x) is an arbitrary
function of xµ, the Einstein tensor fluctuation δGµν is given by (76). We introduce kµν = fµν − (1/4)η
αβfαβ with
ηµνkµν = 0, and rewrite (76) as
δGµν = −
1
4η
αβηµνΩ
−1∂αΩ∂βf + η
αβΩ−1∂αkµν∂βΩ+ η
βαkµνΩ
−2∂αΩ∂βΩ+
1
2η
αβ∂β∂αkµν −
1
4η
αβηµν∂β∂αf
− 2ηαβkµνΩ
−1∂β∂αΩ−
1
2η
αβ∂β∂µkνα −
1
2η
αβ∂β∂νkµα + 2η
αβηγκηµνΩ
−1∂βΩ∂κkαγ
− ηαγηβκηµνkαβΩ
−2∂γΩ∂κΩ +
1
2η
αβηγκηµν∂κ∂βkαγ + 2η
αβηγκηµνkαγΩ
−1∂κ∂βΩ− η
αβΩ−1∂βΩ∂µkνα
− ηαβΩ−1∂βΩ∂νkµα −
1
4Ω
−1∂µΩ∂νf −
1
4Ω
−1∂µf∂νΩ +
1
4∂ν∂µf, (D1)
where f denotes ηαβfαβ. We have considered gauges of the form:
ηαβ∂αkβν = Ω
−1Jηαβkνα∂βΩ + P∂νf +RΩ
−1f∂νΩ, (D2)
where J , P , and R are constants. For various choices of these parameters we can simplify the structure of δGµν , and
on taking J = −2, P = 1/2, R = 0, viz. on setting
ηαβ∂αkβν = −2Ω
−1ηαβkνα∂βΩ+
1
2∂νf, (D3)
we find that when Ω is only a function of the conformal time τ , δGµν evaluates to
δG00 = (3Ω
−2Ω˙2 − Ω−1Ω¨ + 12η
µν∂µ∂ν − Ω
−1Ω˙∂0)k00 −
1
4 (Ω
−1Ω˙∂0 + ∂0∂0)f,
δG0i = (Ω
−1Ω¨ + 12η
µν∂µ∂ν − Ω
−1Ω˙∂0)k0i −
1
4 (Ω
−1Ω˙∂i + ∂i∂0)f,
δGij = δij(−2Ω
−2Ω˙2 +Ω−1Ω¨)k00 + (−Ω
−2Ω˙2 + 2Ω−1Ω¨ + 12η
µν∂µ∂ν − Ω
−1Ω˙∂0)kij ,
− 14 (δijΩ
−1Ω˙∂0 + ∂i∂j)f,
ηµνδGµν = (−10Ω
−2Ω˙2 + 6Ω−1Ω¨)k00 −
1
4 (2Ω
−1Ω˙∂0 + η
µν∂µ∂ν)f, (D4)
where the dot denotes the derivative with respect to τ , and ∂0 denotes ∂τ . While not diagonal in the (µ, ν) indices, we
note that δGµν is close to being so, since apart from the k00 and f dependence δGµν otherwise would be. Moreover,
the ten fluctuation equations contained in δGµν = −8πGδTµν can be solved completely once δTµν is specified, since
from the δG00 and η
µνδGµν equations one can determine k00 and f , and then from the other δGµν equations one can
determine all the other components of kµν .
For completeness we note that if the background is the inflationary universe de Sitter geometry where Ω(τ) = 1/Hτ
with H constant, (D4) takes the form
δG00 = (τ
−2 + 12η
µν∂µ∂ν + τ
−1∂0)k00 +
1
4 (τ
−1∂0 − ∂0∂0)f,
δG0i = (2τ
−2 + 12η
µν∂µ∂ν + τ
−1∂0)k0i +
1
4 (τ
−1∂i − ∂i∂0)f,
δGij = (3τ
−2 + 12η
µν∂µ∂ν + τ
−1∂0)kij +
1
4 (δijτ
−1∂0 − ∂i∂j)f,
ηµνδGµν = 2τ
−2k00 +
1
4 (2τ
−1∂0 − η
µν∂µ∂ν)f. (D5)
As we see, by incorporating Ω(τ) into both the background and the fluctuation we obtain very compact forms for
δGµν in (D4) and (D5), with the δGµν = −8πGδTµν fluctuation equations then being completely integrable.
We have found one further convenient decomposition of δGµν , namely the gauge choice J = −4, R = 2P − 3/2, P
arbitrary. For a de Sitter background this gauge choice leads to
δG00 = (−2τ
−2 + 12η
µν∂µ∂ν + 3τ
−1∂0)k00 +
[
(34 − P )τ
−2 + 14 (1− 2P )η
µν∂µ∂ν + Pτ
−1∂0 + (
1
4 − P )∂
2
0
]
f,
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δG0i = τ
−1∂ik00 + (τ
−2 + 12η
µν∂µ∂ν + 2τ
−1∂0)k0i +
[
(P − 12 )τ
−1∂i + (
1
4 − P )∂i∂0
]
f,
δGij = δijτ
−2k00 + τ
−1∂jk0i + τ
−1∂ik0j + (3τ
−2 + 12η
µν∂µ∂ν + τ
−1∂0)kij
+ δij
[
(34 − P )τ
−2 + 14 (2P − 1)η
µν∂µ∂ν + (P − 1)τ
−1∂0
]
f + (14 − P )∂i∂jf.
ηαβδGαβ = (P −
3
4 )(η
αβ∂α∂βf + 4τ
−1∂0f − 6τ
−2f) = (P − 34 )τ
2ηαβ∂α∂β(τ
−2f). (D6)
In this gauge ηµνδGµν = Ω
2gµνδGµν depends on the trace f of the fluctuation alone. One can immediately solve for f
and then proceed to the other components of the fluctuation in turn. As we see, the quantity ηαβδGαβ takes the form
of the flat space free massless particle wave operator acting on τ−2f , with the equation gµνδGµν = −8πGg
µνδTµν
immediately being integrable with the D(4)(x− y) propagator that obeys ηαβ∂α∂βD
(4)(x− y) = δ4(x − y) as
f = ηµνfµν = −
8πG
(P − 34 )
τ2(x)
∫
d4yD(4)(x− y)τ−2(y)ηµνδTµν(y), (D7)
where τ(x) = x0, τ(y) = y0.
Appendix E: First Principles Derivation of the SVT Decomposition by Projection
1. The 3 + 1 Decomposition
The standard covariant 3+ 1 decomposition of a symmetric rank two tensor Tµν in a 4-dimensional geometry with
metric gµν is constructed by introducing a 4-vector U
µ that obeys gµνU
µUν = −1 and a projector
Pµν = gµν + UµUν (E1)
that obeys
UµP
µν = 0, PµνP
µν = gµνP
µν = 3, PµσP
σ
ν = Pµν . (E2)
In terms of the projector we can write
Tµν = g
σ
µ g
τ
ν Tστ = P
σ
µ P
τ
ν Tστ − UµU
σP τν Tστ − P
σ
µ UνU
τTστ + UµUνU
σU τTστ . (E3)
On introducing
ρ = UσU τTστ , p =
1
3
P στTστ , qµ = −P
σ
µ U
τTστ ,
πµν =
[
1
2
P σµ P
τ
ν +
1
2
P σν P
τ
µ −
1
3
PµνP
στ
]
Tστ , (E4)
which obey
Uµqµ = 0, U
νπµν = 0, πµν = πνµ, g
µνπµν = P
µνπµν = 0, (E5)
we can rewrite Tµν as
Tµν = (ρ+ p)UµUν + pgµν + Uµqν + Uνqµ + πµν , (E6)
a familiar form that may for instance be found in [36]. As constructed, the ten-component Tµν has been covariantly
decomposed into two one-component 4-scalars, one three-component 4-vector that is orthogonal to Uµ and one five-
component traceless, rank two tensor that is also orthogonal to Uµ.
2. Transverse and Longitudinal Components for the Vector Sector
While the form of (E6) has same 3 + 1 structure as (62), we need to bring qµ and πµν to a form that involves
components that are transverse and longitudinal. To this end we take the background metric to be flat Minkowski,
we take Uµ to be the unit timelike vector Uµ = (1, 0, 0, 0), we set gµν = ηµν +hµν , and look to put (E6) into the form
given in (62). We first consider Ω(x) = 1 and then conformally transform afterwards.
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For qµ the form for U
µ then requires that q0 be zero, so that qµ = (0, qi). With the general h0i not obeying
∇ih0i = 0, we can immediately introduce
B =
∫
d3yD(3)(x − y)∇˜iyh0i (E7)
just as in (65) and set
h0i = qi = Bi + ∇˜iB, ∇˜
iBi = 0. (E8)
As noted in [37], the reason for introducing the Green’s function term in (E7) is that while any longitudinal vector
can be written as the derivative ∇˜iφ of some scalar φ, not every ∇˜iφ is in fact longitudinal since ∇˜iφ would be
transverse if φ obeys ∇˜i∇˜
iφ = 0. Thus if we start with some general vector for which ∇˜iVi is non-zero, and define
a scalar that obeys ∇˜i∇˜
iφ = ∇˜iVi, the quantity φ =
∫
d3yD(3)(x − y)∇˜iyVi could never obey ∇˜i∇˜
iφ = 0 and would
thus necessarily be longitudinal, while the quantity Vi − ∇˜iφ would automatically be transverse. That breaking up
a vector into transverse and longitudinal pieces would involve integrals of Green’s functions may also be anticipated
since in (65) Green’s function integrals appeared automatically when we wrote the SVT components of (62) in terms
of the hij .
In regard to (E7), it had been noted in [37] that for an arbitrarily given ∇˜iyh0i the integral that appears in (E7) might
not exist. However, by making a gauge transformation of the form h0i → ∂0ǫi + ∂iǫ0, ∂ih0i → ∂ih0i + ∂0∂iǫi +∇
2ǫ0,
we can choose a gauge so that the integral in (E7) then is finite. And when we do this we can integrate by parts
and set
∫
d3yD(3)(x − y)∇˜iyh0i = −
∫
d3y[∇˜iyD
(3)(x − y)]h0i = +∇˜
i
x
∫
d3yD(3)(x − y)h0i. In the following then we
shall take the vector-sector (E7) integral and its tensor-sector analogs given below to be finite, and can do so since
making gauge transformations has no effect on the SVT decomposition of δWµν given in (75), as it is written entirely
in terms of gauge invariant quantities. Now if we had initially set B =
∫
d3yD(3)(x− y)∇˜iyh0i+ f(t)+n ·xg(t) where
n is an arbitrary spatially-independent 3-vector and f(t) and g(t) are arbitrary functions of time, it would still follow
that ∇˜iBi = 0. However, in constructing (E7) our starting point is that (up to gauge transformations) hi0 is already
given, and our task is to decompose it into ∇˜iB and Bi components. This leads us to (E7) with no extraneous f(t)
or n · xg(t) terms.
3. Transverse and Longitudinal Components for the Tensor Sector
To decompose πµν we follow [37] and introduce a set of transverse and transverse-traceless projectors. We first
discuss the projection technique in a Minkowski or Cartesian flat space in an arbitrary D dimensions, where one can
define a Green’s function that obeys
∇µ∇
µD(D)(x − y) = δD(x − y). (E9)
For a fluctuation hµν around a background ηµν we introduce a D-dimensional vector Wµ according to
Wµ =
∫
dDyD(D)(x− y)∇νyhµν , (E10)
and can pick D gauge conditions so that each µ component of (E10) and the integrals given below that involve
Wµ can all exist. (When D = 3 there are three Wi, which together with B as given in (E7) requires exactly four
gauge transformations in the four-dimensional spacetime associated with the SVT decomposition given in (62).) With
∇µWµ =
∫
dDyD(D)(x − y)∇µy∇
ν
yhµν not in general being zero for a general hµν , we construct the longitudinal and
transverse
hLµν = ∇µWν +∇νWµ −∇µ∇ν
∫
dDyD(D)(x − y)∇σyWσ , h
T
µν = hµν − h
L
µν , (E11)
with hLµν and h
T
µν obeying
∇νhLµν = ∇
ν∇νWµ = ∇
νhµν , ∇
νhTµν = 0, g
µνhLµν = ∇
µWµ,
∇µ∇νhµν = ∇
µ∇νhLµν = ∇α∇
α(gµνhLµν). (E12)
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4. Transverse-Traceless and Longitudinal-Traceless Components for the Tensor Sector
To extract out the part of hLµν that is traceless in a way that does not affect the divergence structure of h
L
µν we
introduce
hLθµν = h
L
µν −
1
D − 1
gµνg
στhLστ +
1
D − 1
∇µ∇ν
∫
dDyD(D)(x− y)gστhLστ (E13)
(θ denotes zero trace), to find that not only does hLθµν obey g
µνhLθµν = 0, it also obeys ∇
νhLθµν = ∇
νhLµν , since h
Lθ
µν −h
L
µν
is divergenceless.
To simplify hLθµν we introduce a Vµ that obeys
Vµ = Wµ −
(D − 2)
2(D − 1)
∇µ
∫
dDyD(D)(x− y)∇νyWν , ∇
µVµ =
D
2(D − 1)
∇µWµ,
Wµ = Vµ +
(D − 2)
D
∇µ
∫
dDyD(D)(x− y)∇νyVν , (E14)
on recalling that ∇µWµ = g
µνhLµν , we find that we can rewrite h
Lθ
µν as
hLθµν = ∇µVν +∇νVµ −
2
D
gµν∇
σVσ, (E15)
a form that may also be found in [38].
A similar analysis can be made for hTµν , with the quantity
hTθµν = h
T
µν −
1
D − 1
gµνg
στhTστ +
1
D − 1
∇µ∇ν
∫
dDyD(D)(x− y)gστhTστ (E16)
being both transverse (∇µhTθµν = 0), and traceless (g
µνhTθµν = 0). The general hµν can thus be written as
hµν = h
Tθ
µν + h
Lθ
µν +
1
D − 1
gµνg
στhστ −
1
D − 1
∇µ∇ν
∫
dDyD(D)(x− y)gστhστ . (E17)
5. The SVT Basis
Since we took Wµ to not be divergenceless, Vµ would not be divergenceless either, and thus we can introduce a
scalar F that obeys
∇µ∇
µF = ∇µVµ, F =
∫
dDyD(D)(x − y)∇µyVµ, (E18)
and decompose Vµ into ∇µF and a divergenceless Fµ that is given by
Fµ = Vµ −∇µF = Vµ −∇µ
∫
dDyD(D)(x− y)∇νyVν =Wµ −∇µ
∫
dDyD(D)(x− y)∇νyWν , ∇
µFµ = 0. (E19)
We can thus rewrite hLθµν as
hLθµν = ∇µFν +∇νFµ + 2∇µ∇νF −
2
D
gµν∇σ∇
σF, (E20)
and write hµν as
hµν = h
Tθ
µν +∇µFν +∇νFµ + 2∇µ∇νF −
2
D
gµν∇σ∇
σF
+
1
D − 1
gµνg
στhστ −
1
D − 1
∇µ∇ν
∫
dDyD(D)(x− y)gστhστ . (E21)
On defining
2ψ =
2
D
∇µ∇
µF −
1
(D − 1)
gστhστ =
1
D − 1
∫
dDyD(D)(x− y)∇µy∇
ν
yhµν −
1
(D − 1)
gστhστ ,
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2E = 2F −
1
D − 1
∫
dDyD(D)(x− y)gστhστ
=
D
D − 1
∫
dDyD(D)(x− y)
∫
dDzD(D)(y − z)∇µz∇
ν
zhµν −
1
D − 1
∫
dDyD(D)(x− y)gστhστ ,
Eµ = Fµ =
∫
dDyD(D)(x− y)∇νyhµν −∇
x
µ
∫
dDyD(D)(x− y)∇αy
∫
dDzD(D)(y − z)∇βzhαβ
=
∫
dDyD(D)(x− y)∇νyhµν −
∫
dDyD(D)(x− y)∇yµ
∫
dDzD(D)(y − z)∇αz∇
β
zhαβ,
2Eµν = h
Tθ
µν , (E22)
we can write (E21) in the form
hµν = −2gµνψ + 2∇µ∇νE +∇µEν +∇νEµ + 2Eµν , (E23)
and can recognize (E22) as being of the same form as (65). On multiplying by the general coordinate scalar Ω2(x)
and restricting to D = 3 we recognize (E23) as being the spatial part of (62). In deriving the dependencies of B, Bi,
E, Ei on fij that we had presented in (65) we had started with the metric in the form given in (62) and determined
everything from it. In this appendix we proceed in the opposite direction by starting with the 3+1 decomposition and
then using projection techniques to derive the form for the metric given in (E23), in a thus first principles approach.
In deriving (E23) we have proceeded covariantly, and even though the form for the metric given in (62) is thus
necessarily covariant too, is not manifestly covariant. However, noting that Pµν∇ν = [η
µν + UµUν ]∇ν = (0, η
ij∇j),
through use of the Pµν projector the metric in (62) could then be written in a manifestly covariant form.
6. Projector Algebra
It is of interest to relate the above formalism to the projector algebra techniques described in [37]. In [37] the
following D-dimensional flat (Cartesian or Minkowski) spacetime transverse and longitudinal projection operators
were introduced:
Tµνστ = ηµσηντ −∇µ
∫
dDyD(D)(x − y)ηντ∇σ −∇ν
∫
dDyD(D)(x− y)ηµσ∇τ
+ ∇µ∇ν
∫
dDyD(D)(x− y)∇σ
∫
dDzD(D)(y − z)∇τ , (E24)
Lµνστ = ∇µ
∫
dDyD(D)(x− y)ηντ∇σ +∇ν
∫
dDyD(D)(x − y)ηµσ∇τ
− ∇µ∇ν
∫
dDyD(D)(x− y)∇σ
∫
dDzD(D)(y − z)∇τ , (E25)
as they project out the transverse and longitudinal components of symmetric rank two tensors such as the fluctuation
hµν according to
∇νT
µνστhστ = 0, ∇νL
µνστhστ = ∇νh
µν . (E26)
As constructed, these projectors obey the standard projector algebra
TµνστT
στ
αβ = Tµναβ , LµνστL
στ
αβ = Lµναβ ,
TµνστL
στ
αβ = 0, LµνστT
στ
αβ = 0, Lµνστ + Tµνστ = ηµσηντ . (E27)
The specific sequencing of derivatives indicated in (E24) and (E25) was introduced so that we could establish these
projector relations without needing to make any integrations by parts. When we can integrate by parts we find that
application of Tµνστ and Lµνστ precisely yields
Tµνστh
στ = hTµν , Lµνστh
στ = hLµν , (E28)
i.e. precisely yields the hTµν and h
L
µν defined in (E11) above. The procedure we developed above is thus recognized as
being equivalent to the use of a projector algebra.
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In [37] two further projectors were introduced
Qµνστ =
1
D − 1
[
ηµν −∇µ∇ν
∫
dDyD(D)(x− y)
] [
ηστ −∇σ
∫
dDzD(y − z)∇τ
]
, (E29)
Pµνστ = Tµνστ −Qµνστ . (E30)
They obey the projector algebra
TµνστQ
στ
αβ = Qµναβ , QµνστT
στ
αβ = Qµναβ , QµνστQ
στ
αβ = Qµναβ ,
PµνστQ
σταβ = 0, QµνστP
σταβ = 0, PµνστP
στ
αβ = Pµναβ . (E31)
The projector Pµνστ projects out the traceless piece of h
T
µν , while Qµνστ projects out its complement. Comparison
with (E16) shows that
P στµν h
T
στ = h
Tθ
µν , Q
στ
µν h
T
στ = h
T
µν − h
Tθ
µν , (E32)
with hTθµν being both traceless and transverse. Now with the aid of (E12) we find that Q
στ
µν h
L
στ = 0. And thus with
P στµν h
L
στ = 0 as well, we obtain
P στµν hστ = h
Tθ
µν . (E33)
Pµνστ is thus a traceless projector not just for the transverse h
T
µν but for the full hµν as well. We can thus introduce
its complementary projector Uµνστ = ηµσηντ − Pµνστ , as it obeys
PµνστU
σταβ = 0, UµνστP
σταβ = 0, UµνστU
στ
αβ = Uµναβ ,
U στµν hστ = hµν − h
Tθ
µν = h
Lθ
µν +
1
D − 1
gµνg
στhστ −
1
D − 1
∇µ∇ν
∫
dDyD(D)(x− y)gστhστ , (E34)
with the last relation following from (E17). We can thus develop the SVT decomposition by the use of projection
operators.
7. General Form of the Fluctuation Equations
As a final comment on the various components of hµν that we have identified, it is instructive to reexpress them
in terms of Kµν by setting hµν = Kµν + (1/4)gµνg
στhστ , where we are now restricting to flat D = 4 Minkowski
spacetime. For the transverse hTµν given in (E11) this yields
hTµν = Kµν −
∫
d4yD(4)(x− y)∇µ∇
αKαν −
∫
d4yD(4)(x− y)∇ν∇
αKαµ +
1
4
gµνg
αβhαβ
+ ∇µ∇ν
∫
d4yD(4)(x− y)
∫
d4zD(4)(y − z)∇α∇βKαβ −
1
4
∇µ∇ν
∫
d4yD(4)(x − y)gαβhαβ ,
gµνhTµν = −
∫
d4yD(4)(x− y)∇α∇βKαβ +
3
4
gαβhαβ , (E35)
and for the transverse-traceless hTθµν given in (E16) it yields
hTθµν = Kµν −
∫
d4yD(4)(x− y)∇µ∇
αKαν −
∫
d4yD(4)(x− y)∇ν∇
αKαµ
+
2
3
∇µ∇ν
∫
d4yD(4)(x − y)
∫
d4zD(4)(y − z)∇α∇βKαβ +
1
3
gµν
∫
d4xD(4)(x− y)∇α∇βKαβ. (E36)
As we see, the transverse-traceless hTθµν is independent of the trace of the fluctuation g
αβhαβ , with it depending solely
on the traceless Kµν , just as one would expect. Recalling (cf. (17)) that Kµν transforms as K
µν → Kµν − ∇νǫµ −
∇µǫν + 12η
µν∇αǫ
α under a gauge transformation, we can readily check that hTθµν is not only transverse and traceless
but most conveniently it is gauge invariant as well. Finally, applying the flat spacetime four box to hTθµν we obtain
∂σ∂
σ∂τ∂
τhTθµν = ∂σ∂
σ∂τ∂
τKµν − ∂σ∂
σ∂µ∂
αKαν − ∂σ∂
σ∂ν∂
αKαµ
31
+
2
3
∂µ∂ν∂
α∂βKαβ +
1
3
ηµν∂σ∂
σ∂α∂βKαβ . (E37)
Comparing with (24) we see that for fluctuations around flat we can set
δWµν =
1
2
ησρηαβ∂σ∂ρ∂α∂βh
Tθ
µν , (E38)
to thus write δWµν in a very compact form that is manifestly gauge invariant. The significance of (E38) is that
without our needing to choose a gauge, (E38) is already diagonal in the (µ, ν) indices. As a check on (E38), we
note that if we now work in the transverse gauge in which ∂αKαµ = 0 we find that h
Tθ
µν becomes Kµν , just as
would be expected since the already traceless Kµν is transverse in this gauge. And at the same time (E38) becomes
δWµν = (1/2)∂σ∂
σ∂τ∂
τKµν , an expression we recognize as (25).
According to (3) the conformal gravity fluctuation equation takes the form 4αgδWµν = δTµν , an equation whose
consistency is maintained by the fact that both of its sides are transverse and traceless. (In an arbitrary background
δTµν is covariantly conserved, and thus for fluctuations around a Minkowski background ∂νδT
µν is zero. More-
over, since δTµν arises in a conformal theory it is traceless.) For fluctuations around a four-dimensional Minkowski
background, the fluctuation equation takes the form
1
2
∂σ∂
σ∂τ∂
τhTθµν =
1
4αg
δTµν , (E39)
and given (28) has solution
hTθµν (x) =
1
16παg
∫
d4x′θ(t− t′ − |x− x′|)δTµν(x
′). (E40)
This solution is exact without approximation and holds in every gauge, with the dynamics only depending on the
transverse-traceless components of the fluctuation. As far as the counting of degrees of freedom is concerned, with
hTθµν obeying ∇
νhTθµν = 0, η
µνhTθµν = 0 there are five constraints. With the initial hµν having ten degrees of freedom
hTθµν thus has five. The utility of constructing (E39) by projection is that, apart from the tracelessness constraint, by
transverse projection one is able to reduce the initial ten-component hµν by four degrees of freedom, to thus secure
the standard four coordinate invariance freedom on hµν without needing to explicitly impose it.
As noted in [37], an analogous situation occurs in Einstein gravity. For fluctuations around flat Minkowski the
fluctuation in the Einstein tensor takes the form
δGµν = δRµν −
1
2
ηµνη
αβδRαβ
=
1
2
[
∂α∂
αhµν − ∂µ∂
αhαν − ∂ν∂
αhαµ + ∂µ∂νη
αβhαβ
]
−
1
2
ηµν
[
∂α∂
αηστhστ − ∂α∂βh
αβ
]
. (E41)
Comparing with (E11), we see that we can rewrite this expression as
δGµν =
1
2
[
∂α∂
αhTµν + ∂µ∂νη
αβhTαβ − ηµν∂α∂
αηστhTστ
]
, (E42)
i.e. we can write it entirely in terms of the six degree of freedom transverse hTµν without needing to choose a gauge.
(Under hµν → hµν−∂µǫν−∂νǫµ the transverse h
T
µν is invariant, with Tµνστ (∂
σǫτ +∂τ ǫσ) being zero identically, where
Tµνστ is given in (E24).) Thus while one can reduce (E41) to δGµν = (1/2)[∂α∂
αhµν+∂µ∂νη
αβhαβ−ηµν∂α∂
αηστhστ ]
by working in the transverse gauge, one can reduce (E41) to (E42) without needing to specify a gauge at all. Thus
again one has secured the standard four coordinate invariance freedom on hµν by transverse projection without
needing to explicitly impose it, with transverse projection reducing the ten-component hµν to its six physical degrees
of freedom. Moreover, just like the conformal gravity (E38), (E42) is also diagonal in the (µ, ν) indices. Thus the
fluctuation equations of both Einstein gravity and conformal gravity can be written in very simple forms if one uses
transverse and transverse-traceless projection operators, forms in which they become diagonal in the (µ, ν) indices.
For the fluctuation Einstein equations themselves one has
δRµν −
1
2
ηµνη
αβδRαβ = −8πGδTµν , η
αβδRαβ = 8πGη
αβδTαβ = ∂α∂
αηστhTστ . (E43)
With the retarded second-order derivative theory propagator being given by θ(t)δ(t − r)/4πr, we can thus set
1
2
∂α∂
αhTµν = −8πG
[
δTµν −
1
2
ηµνη
στ δTστ +
1
8π
∂µ∂ν
∫
d4x′
|x− x′|
θ(t− t′)δ(t− t′ − |x− x′|)ηστ δTστ (x
′)
]
, (E44)
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and thus
hTµν(x) = −4G
∫
d4x′
|x− x′|
θ(t− t′)δ(t− t′ − |x− x′|)
[
δTµν(x
′)−
1
2
ηµνη
αβδTαβ(x
′)
+
1
8π
∂′µ∂
′
ν
∫
d4x′′
|x′ − x′′|
θ(t′ − t′′)δ(t′ − t′′ − |x′ − x′′|)ηστ δTστ (x
′′)
]
, (E45)
a gauge invariant expression that is exact without approximation.
Appendix F: Projection technique for fluctuations around a general conformal to flat Minkowski background
Through use of the projection technique, in Appendix E we obtained a very compact one-term expression, (E38),
for fluctuations around a flat Minkowski background. We can readily generalize the technique to fluctuations about
a general conformal to flat Minkowski background. Since (43) holds for fluctuations around a completely general and
arbitrary background, it in particular holds in conformal to flat Minkowski geometries that are described by the metric
given in (6), with (43) then reducing to (44) and (54). And with indices being raised with ηµν (so that ∂µ = ηµν∂ν)
we find that in this case δWµν evaluates to the 151 term
δWµν = Ω
−5∂α∂ν∂
αΩ∂βKµ
β +Ω−5∂α∂µ∂
αΩ∂βKν
β + 2Ω−5∂α∂νΩ∂β∂αKµ
β
+ 2Ω−5∂α∂µΩ∂β∂αKν
β + 2Ω−5∂αΩ∂β∂α∂µKν
β + 2Ω−5∂αΩ∂β∂α∂νKµ
β
+ 13Ω
−4∂β∂α∂ν∂µK
αβ − 23K
αβΩ−5∂β∂α∂ν∂µΩ+ Ω
−5∂α∂νΩ∂β∂
βKµα
− 2Ω−5∂α∂
αΩ∂β∂
βKµν + 6Ω
−6∂αΩ∂
αΩ∂β∂
βKµν +Ω
−5∂α∂µΩ∂β∂
βKνα
+ 3KµνΩ
−6∂α∂
αΩ∂β∂
βΩ + 12Ω−6∂αKµν∂
αΩ∂β∂
βΩ− 24KµνΩ
−7∂αΩ∂
αΩ∂β∂
βΩ
− 4Ω−5∂αΩ∂β∂
β∂αKµν + 12KµνΩ
−6∂αΩ∂β∂
β∂αΩ+
1
2Ω
−4∂β∂
β∂α∂
αKµν
−KµνΩ
−5∂β∂
β∂α∂
αΩ− 12Ω
−4∂β∂
β∂α∂µKν
α − 12Ω
−4∂β∂
β∂α∂νKµ
α
− 4Ω−5∂αKµν∂β∂
β∂αΩ + Ω−5∂αΩ∂β∂
β∂µKνα +Ω
−5∂αΩ∂β∂
β∂νKµα
− 43Ω
−5∂α∂νΩ∂β∂µKα
β +Ω−5∂α∂
αΩ∂β∂µKν
β − 3Ω−6∂αΩ∂
αΩ∂β∂µKν
β
− 6Kν
βΩ−6∂αΩ∂β∂µ∂αΩ− 3KναΩ
−6∂αΩ∂β∂µ∂
βΩ− 43Ω
−5∂α∂µΩ∂β∂νKα
β
+Ω−5∂α∂
αΩ∂β∂νKµ
β − 3Ω−6∂αΩ∂
αΩ∂β∂νKµ
β − 6Kµ
βΩ−6∂αΩ∂β∂ν∂αΩ
− 3KµαΩ
−6∂αΩ∂β∂ν∂
βΩ− 43Ω
−5∂αΩ∂β∂ν∂µKα
β − 43Ω
−5∂αK
αβ∂β∂ν∂µΩ
+ 4Kα
βΩ−6∂αΩ∂β∂ν∂µΩ− 48Ω
−7∂αΩ∂
αΩ∂βKµν∂
βΩ + 60KµνΩ
−8∂αΩ∂
αΩ∂βΩ∂
βΩ
+ 12Ω−6∂αΩ∂β∂αKµν∂
βΩ− 48KµνΩ
−7∂αΩ∂β∂αΩ∂
βΩ− 6Ω−6∂αΩ∂β∂µKνα∂
βΩ
− 6Ω−6∂αΩ∂β∂νKµα∂
βΩ + 24Ω−6∂αΩ∂βKµν∂
β∂αΩ+KνβΩ
−5∂β∂α∂µ∂
αΩ
+KµβΩ
−5∂β∂α∂ν∂
αΩ+ 2Ω−5∂α∂µKνβ∂
β∂αΩ+ 2Ω−5∂α∂νKµβ∂
β∂αΩ
− 4Ω−5∂β∂αKµν∂
β∂αΩ + 6KµνΩ
−6∂β∂αΩ∂
β∂αΩ− 6Ω−6∂αKνβ∂
αΩ∂β∂µΩ
+ 2Ω−5∂αKνβ∂
β∂µ∂
αΩ− 6Ω−6∂αKµβ∂
αΩ∂β∂νΩ + 2Ω
−5∂αKµβ∂
β∂ν∂
αΩ
+ 2ηµνΩ
−6∂αΩ∂β∂
βΩ∂γKα
γ − 8ηµνΩ
−7∂αΩ∂
αΩ∂βΩ∂γKβ
γ + 4ηµνΩ
−6∂αΩ∂β∂αΩ∂γKβ
γ
− 23ηµνΩ
−5∂β∂α∂
αΩ∂γKβ
γ + 2ηµνKβ
γΩ−6∂β∂αΩ∂γ∂αΩ+ 4ηµνΩ
−6∂αΩ∂βΩ∂γ∂βKα
γ
− 43ηµνΩ
−5∂β∂αΩ∂γ∂βKα
γ − 13ηµνΩ
−5∂α∂
αΩ∂γ∂βK
βγ + ηµνΩ
−6∂αΩ∂
αΩ∂γ∂βK
βγ
+ ηµνK
βγΩ−6∂α∂
αΩ∂γ∂βΩ− 4ηµνK
βγΩ−7∂αΩ∂
αΩ∂γ∂βΩ− 16ηµνKα
γΩ−7∂αΩ∂βΩ∂γ∂βΩ
− 23ηµνΩ
−5∂αΩ∂γ∂β∂αK
βγ + 2ηµνK
βγΩ−6∂αΩ∂γ∂β∂αΩ+ ηµνΩ
−6∂αΩ∂βΩ∂γ∂
γKαβ
− 13ηµνΩ
−5∂β∂αΩ∂γ∂
γKαβ − 4ηµνKαβΩ
−7∂αΩ∂βΩ∂γ∂
γΩ− 23ηµνΩ
−5∂αΩ∂γ∂
γ∂βKα
β
+ 16ηµνΩ
−4∂γ∂
γ∂β∂αK
αβ + 20ηµνKβγΩ
−8∂αΩ∂
αΩ∂βΩ∂γΩ− 8ηµνΩ
−7∂αΩ∂βΩ∂γKαβ∂
γΩ
+ 2ηµνKαγΩ
−6∂αΩ∂γ∂β∂
βΩ + 2ηµνΩ
−6∂αKβγ∂
αΩ∂γ∂βΩ + 4ηµνΩ
−6∂αΩ∂βKαγ∂
γ∂βΩ
− 13ηµνKβγΩ
−5∂γ∂β∂α∂
αΩ− 23ηµνΩ
−5∂αKβγ∂
γ∂β∂αΩ + 4Ω−6∂αΩ∂β∂νΩ∂µKαβ
− 23Ω
−5∂β∂ν∂αΩ∂µK
αβ − 3Ω−6∂αΩ∂β∂
βΩ∂µKνα + 12Ω
−7∂αΩ∂
αΩ∂βΩ∂µKνβ
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− 6Ω−6∂αΩ∂β∂αΩ∂µKνβ +Ω
−5∂β∂α∂
αΩ∂µKνβ + 4Ω
−6∂α∂νΩ∂βKα
β∂µΩ
− 3Ω−6∂α∂
αΩ∂βKν
β∂µΩ+ 12Ω
−7∂αΩ∂
αΩ∂βKν
β∂µΩ− 6Ω
−6∂αΩ∂β∂αKν
β∂µΩ
+ 24Kν
βΩ−7∂αΩ∂β∂αΩ∂µΩ−
2
3Ω
−5∂β∂α∂νK
αβ∂µΩ− 3Ω
−6∂αΩ∂β∂
βKνα∂µΩ
+ 12KναΩ
−7∂αΩ∂β∂
βΩ∂µΩ+ Ω
−5∂β∂
β∂αKν
α∂µΩ+ 4Ω
−6∂αΩ∂β∂νKα
β∂µΩ
+ 2KαβΩ−6∂β∂ν∂αΩ∂µΩ− 60KνβΩ
−8∂αΩ∂
αΩ∂βΩ∂µΩ + 24Ω
−7∂αΩ∂βKνα∂
βΩ∂µΩ
− 3KνβΩ
−6∂β∂α∂
αΩ∂µΩ− 6Ω
−6∂αKνβ∂
β∂αΩ∂µΩ− 6Ω
−6∂αΩ∂βKν
β∂µ∂αΩ
− 6KνβΩ
−6∂β∂αΩ∂µ∂αΩ− 3Kν
βΩ−6∂α∂
αΩ∂µ∂βΩ+ 12Kν
βΩ−7∂αΩ∂
αΩ∂µ∂βΩ
+ 24KναΩ
−7∂αΩ∂βΩ∂µ∂βΩ− 6Ω
−6∂αΩ∂βKνα∂µ∂
βΩ+ 4Ω−6∂αΩ∂β∂µΩ∂νKαβ
− 8Ω−7∂αΩ∂βΩ∂µΩ∂νKαβ + 2Ω
−6∂β∂αΩ∂µΩ∂νKαβ −
2
3Ω
−5∂β∂µ∂αΩ∂νK
αβ
− 3Ω−6∂αΩ∂β∂
βΩ∂νKµα + 12Ω
−7∂αΩ∂
αΩ∂βΩ∂νKµβ − 6Ω
−6∂αΩ∂β∂αΩ∂νKµβ
+Ω−5∂β∂α∂
αΩ∂νKµβ + 4Ω
−6∂α∂µΩ∂βKα
β∂νΩ− 3Ω
−6∂α∂
αΩ∂βKµ
β∂νΩ
+ 12Ω−7∂αΩ∂
αΩ∂βKµ
β∂νΩ− 6Ω
−6∂αΩ∂β∂αKµ
β∂νΩ+ 24Kµ
βΩ−7∂αΩ∂β∂αΩ∂νΩ
− 23Ω
−5∂β∂α∂µK
αβ∂νΩ− 3Ω
−6∂αΩ∂β∂
βKµα∂νΩ+ 12KµαΩ
−7∂αΩ∂β∂
βΩ∂νΩ
+ Ω−5∂β∂
β∂αKµ
α∂νΩ+ 4Ω
−6∂αΩ∂β∂µKα
β∂νΩ+ 2K
αβΩ−6∂β∂µ∂αΩ∂νΩ
− 60KµβΩ
−8∂αΩ∂
αΩ∂βΩ∂νΩ+ 24Ω
−7∂αΩ∂βKµα∂
βΩ∂νΩ− 3KµβΩ
−6∂β∂α∂
αΩ∂νΩ
− 6Ω−6∂αKµβ∂
β∂αΩ∂νΩ− 8Ω
−7∂αΩ∂βΩ∂µKαβ∂νΩ + 2Ω
−6∂β∂αΩ∂µKαβ∂νΩ
− 16Ω−7∂αΩ∂βKα
β∂µΩ∂νΩ + 2Ω
−6∂β∂αK
αβ∂µΩ∂νΩ− 8K
αβΩ−7∂β∂αΩ∂µΩ∂νΩ
+ 40KαβΩ
−8∂αΩ∂βΩ∂µΩ∂νΩ− 16Kα
βΩ−7∂αΩ∂µ∂βΩ∂νΩ− 6Ω
−6∂αΩ∂βKµ
β∂ν∂αΩ
− 6KµβΩ
−6∂β∂αΩ∂ν∂αΩ− 3Kµ
βΩ−6∂α∂
αΩ∂ν∂βΩ+ 12Kµ
βΩ−7∂αΩ∂
αΩ∂ν∂βΩ
+ 24KµαΩ
−7∂αΩ∂βΩ∂ν∂βΩ− 16Kα
βΩ−7∂αΩ∂µΩ∂ν∂βΩ+ 4K
αβΩ−6∂µ∂αΩ∂ν∂βΩ
− 6Ω−6∂αΩ∂βKµα∂ν∂
βΩ + 2Ω−6∂αΩ∂βΩ∂ν∂µKαβ −
2
3Ω
−5∂β∂αΩ∂ν∂µKαβ
+ 4Ω−6∂αΩ∂βKα
β∂ν∂µΩ−
2
3Ω
−5∂β∂αK
αβ∂ν∂µΩ + 2K
αβΩ−6∂β∂αΩ∂ν∂µΩ
− 8KαβΩ
−7∂αΩ∂βΩ∂ν∂µΩ. (F1)
Despite its 151 terms we can rewrite (F1) identically as the compact
δWµν =
1
2
Ω−2
(
∂σ∂
σ∂τ∂
τ [Ω−2Kµν ]− ∂σ∂
σ∂µ∂
α[Ω−2Kαν ]− ∂σ∂
σ∂ν∂
α[Ω−2Kαµ]
+
2
3
∂µ∂ν∂
α∂β[Ω−2Kαβ ] +
1
3
ηµν∂σ∂
σ∂α∂β[Ω−2Kαβ ]
)
. (F2)
Then, in analog to (E38), using the transverse-traceless projector we can write δWµν even more compactly as
δWµν =
1
2
Ω−2ησρηαβ∂σ∂ρ∂α∂β [Ω
−2hµν ]
Tθ, (F3)
This one-term expression for δWµν involves no choice of gauge, and is exact without approximation for conformal
gravity fluctuations around any geometry whatsoever that is conformal to flat.
Appendix G: On the Unitarity of Quantum Conformal Gravity
1. The Nature of the Problem
While our interest in this paper is in classical aspects of conformal gravity fluctuations, one needs to be assured
that these results survive quantization. Since conformal gravity is a fourth-order derivative theory we need to address
two potential concerns that higher derivative theories are thought to have, an Ostrogradski instability concern that
there might be states of negative energy, and a unitarity concern that there might be states of negative norm. Both
of these issues have been resolved in [5–8].
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To see what is involved, we note that in fluctuations around flat spacetime the conformal gravity gravitational
fluctuation function δWµν reduces (cf. (25)) to δWµν = (1/2)η
σρηαβ∂σ∂ρ∂α∂βKµν . With all the components of Kµν
being decoupled from each other in δWµν , they thus propagate independently. For each of these components the
propagator takes the form D(kµ) = 1/k
4 in momentum space. On writing it as the limit
D(kµ) =
1
k4
= lim
M2
1
,M2
2
→0
1
M21 −M
2
2
(
1
k2 −M21
−
1
k2 −M22
)
, (G1)
we would obtain two standard second-order propagators with a relative minus sign between them, and thus obtain
some poles in the complex k0 plane that have negative residues. We would thus anticipate the presence of states with
negative norm, and a unitarity-violating completeness relation for energy eigenstates of the form∑
|n〉〈n| −
∑
|m〉〈m| = I, (G2)
since in the scalar field theory to be described below its insertion into D(x) = i〈Ω|T (φ(x)φ(0))|Ω〉 would lead to (G1).
The good renormalizable, ultraviolet-convergent structure of a 1/k4 propagator would thus appear to be accompanied
by an unacceptable negative norm structure. However, the presence of such negative residues is not actually indicative
of the existence of ghost states with negative norm, since as shown in [5, 6] and as described below, one can actually
produce such negative residues in a Hilbert space in which all inner products are positive.
If we choose the standard Feynman contour iǫ prescription, then on setting ω1 = +(k
2+M21 )
1/2, ω2 = +(k
2+M22 )
1/2,
the propagator would take the form
D(kµ) =
1
(k20 − k
2 + iǫ)2
= lim
M2
1
,M2
2
→0
1
M21 −M
2
2
[
1
k20 − ω
2
1 + iǫ
−
1
k20 − ω
2
2 + iǫ
]
= lim
M2
1
,M2
2
→0
1
M21 −M
2
2
[
1
2ω1
(
1
k0 − ω1 + iǫ
−
1
k0 + ω1 − iǫ
)
−
1
2ω2
(
1
k0 − ω2 + iǫ
−
1
k0 + ω2 − iǫ
)]
, (G3)
with positive energy states propagating forward in time (poles below the real k0 axis) and negative energy states
(poles above the real k0 axis) propagating backward in time. With there being no forward in time propagation of
negative energies there is no Ostrogradski instability associated with the standard Feynman contour. As noted in [6],
one can find a contour that would lead to forward in time propagation of negative energy states (poles below the real
k0 axis), viz.
D(kµ) = lim
M2
1
,M2
2
→0
1
M21 −M
2
2
[
1
2ω1
(
1
k0 − ω1 + iǫ
−
1
k0 + ω1 − iǫ
)
−
1
2ω2
(
1
k0 − ω2 − iǫ
−
1
k0 + ω2 + iǫ
)]
,(G4)
in a contour in which all poles below the real k0 axis have positive residues. Thus we can trade negative residues for
negative energies. However (G4) is not the conventional Feynman contour and so we do not consider it further here.
Thus we only need to address the negative residues given in (G3).
2. Lack of Normalizability of the Energy Eigenstates
To explore the negative residue issue, we note that the propagator given in (G1) can be associated with an equivalent
flat spacetime scalar field theory with action
IS =
1
2
∫
d4x
[
∂µ∂νφ∂
µ∂νφ− (M21 +M
2
2 )∂µφ∂
µφ+M21M
2
2φ
2
]
, (G5)
where φ(x) is a neutral scalar field (and where now we use a metric with diag[ηµν ] = (1,−1,−1,−1)). For this action
the equation of motion is given by
(∂2t −∇
2 +M21 )(∂
2
t −∇
2 +M22 )φ(x) = 0, (G6)
with (G1) then following. For the theory the phase space Hamiltonian is given by
∫
d3xT00, where Tµν and the
canonical variables are constructed by the Ostrogradski method that is used for higher derivative theories, and are of
the form
Tµν = πµφ,ν + π
λ
µ φ,ν,λ − ηµνL,
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πµ =
∂L
∂φ,µ
− ∂λ
(
∂L
∂φ,µ,λ
)
= −∂λ∂
µ∂λφ− (M21 +M
2
2 )∂
µφ, πµλ =
∂L
∂φ,µ,λ
= ∂µ∂λφ,
T00 = π0φ˙+
1
2
π200 +
1
2
(M21 +M
2
2 )φ˙
2 −
1
2
M21M
2
2φ
2 −
1
2
πijπ
ij +
1
2
(M21 +M
2
2 )φ,iφ
,i, (G7)
[φ(x, t), π0(y, t)] = iδ
3(x − y), [φ˙(x, t), π00(y, t)] = iδ
3(x− y). (G8)
Given the Hamiltonian, one can solve the Schrodinger equation, and when the theory is reexpressed in terms of
two oscillators with frequencies ω1, ω2 (by freezing the linear momentum k to a fixed value) Bender and Mannheim
found [5] that none of the energy eigenstates are normalizable. For the oscillators the Hamiltonian (to be labelled K)
reduces to
K = pzx+
p2x
2
+
1
2
(
ω21 + ω
2
2
)
x2 −
1
2
ω21ω
2
2z
2, (G9)
where we have set z = φ, pz = π0, x = φ˙, px = π00, with [z, pz] = i, [x, px] = i. On setting pz = −i∂z, px = −i∂x, the
ground state wave function ψ0(x, z) with energy E0 = (ω1 + ω2)/2 is found to take the form
ψ0(x, z) = exp
[
1
2
(ω1 + ω2)ω1ω2z
2 + iω1ω2zx−
1
2
(ω1 + ω2)x
2
]
. (G10)
The ground state energy eigenfunction thus behaves as a divergent (exp(+z2)) Gaussian rather than as a convergent
one, to thus not be normalizable. One could not have inferred this merely by inspection of the propagator given in
(G1). Nonetheless, since it is the case, one cannot take the states in (G2) to be normalized since
〈Ω|Ω〉 =
∫
dxdz〈Ω|x, z〉〈x, z|Ω〉 =
∫
dxdzψ∗0(x, z)ψ0(x, z) =∞, (G11)
and thus the (G2) completeness relation could not be valid. (Excited oscillator states are polynomials times the
ground state wave function, and they are not normalizable either.) Thus in introducing (G2) one is assuming that
the states are normalizable without first having determined whether or not they are.
3. Lack of Hermiticity of the Hamiltonian
With the states not being normalizable, one could not throw away surface terms in an integration by parts, and
thus despite its appearance the Hamiltonian could not be Hermitian. (Whether or not surface terms can be ignored
is a property of the states in which matrix elements are calculated and not a property of the operators that appear in
those matrix elements.) However, all the poles in the propagator D(kµ) lie on the real axis in the complex k0 plane,
and thus all the energy eigenvalues are real. Now while Hermiticity of a Hamiltonian implies the reality of its energy
eigenvalues there is no theorem that states that the eigenvalues of a non-Hermitian Hamiltonian must be complex.
Hermiticity is thus sufficient for the reality of eigenvalues but not necessary. In [39–41] a necessary condition has been
given: the Hamiltonian must possess an antilinear symmetry. The fourth-order theory Hamiltonian thus falls into the
class of non-Hermitian but PT -symmetric Hamiltonians (P being the parity operator and T being the antilinear time
reversal operator) that have been found by Bender and collaborators to have all eigenvalues real (see e.g. the review
of [42]), with H = p2+ ix3 being the canonical example [43, 44]. The surprise of the work of Bender and collaborators
is that while not being Hermitian, the eigenvalues of H = p2+ ix3 are all real. The surprise of the fourth-order theory
is that the Hamiltonian K is not Hermitian even though it appears to be (viz. no telltale factors of i), and then while
not being Hermitian its eigenvalues are nonetheless real.
4. The Resolution of the Problem – Continuing into the Complex Plane
To deal with the lack of normalizability of the fourth-order theory energy eigenstates it was pointed out in [5, 6]
that if one continued the theory into the complex plane one could find a domain known as a Stokes wedge in which
the wave functions are normalizable (an exp(z2) Gaussian that is divergent on the real z axis becomes convergent
on the imaginary z axis). And it is in such Stokes wedges that the theory is well-defined and one is able to throw
surface terms away in an integration by parts. It is thus in such Stokes wedges that the fourth-order theory has to be
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formulated, since there one can construct an inner product that is normalizable. That one can make a continuation
into the complex plane at all is because such continuations preserve canonical commutation relations and are thus
legitimate. While one ordinarily represents a commutation relation such as [z, pz] = i by [z,−i∂/∂z] = i, one could
just as legitimately represent it by [eiθz,−i∂/∂(eiθz)] = i. However, in order for the momentum operator to be
representable as a differential operator at all it is necessary that it act on an appropriate normalizable test function.
Thus one could set [z,−i∂/∂z]ψ(z) = iψ(z) or [eiθz,−i∂/∂(eiθz)]ψ(eiθz) = iψ(eiθz), and one must choose those
Stokes wedge domains in the complex plane for which ψ(eiθz) is bounded at infinity, since otherwise one could not
throw away surface terms at infinity and establish Hermiticity. In the appropriate complex z plane Stokes wedge∫
dxdzψ∗0(x, z)ψ0(x, z) is finite.
In the same way that the Hamiltonian is not Hermitian when acting on eigenstates such exp(z2) when z is real, the
same is true of the position and momentum operators when they act on the selfsame states. Thus even though the
position and momentum operators are Hermitian when acting on their own eigenstates, they are not Hermitian when
acting on exp(z2) type eigenstates of the Hamiltonian when z is real, since for those states one cannot throw away
surface terms in an integration by parts for a momentum operator that is represented by −i∂/∂z. And in fact it is
precisely such a mismatch between the action of an operator on its own eigenstates and on those of the Hamiltonian
that is central to the PT symmetry program, and one has to find an appropriate Stokes wedge for which one can
throw surface terms away in integrations by parts for all the operators of interest in the theory. For the fourth-order
theory the requisite Stokes wedge does not include the real z axis. Instead it includes the imaginary z axis, and as is
shown below, it is because of this that one is able to obtain a unitary theory.
5. Implementation of the Complex Plane Continuation for Operators
For operators one can implement the continuation into the complex plane by a commutation-preserving similarity
transformation T = exp(πpzz/2), to obtain
TzT−1 = −iz, T pzT
−1 = ipz. (G12)
On setting y = −iz, q = ipz, the y and q position and momentum operators are now Hermitian in the Stokes wedge
that contains the imaginary z axis, with y and q obeying [y, q] = i. On setting px = p for notational simplicity, so
that [x, p] = i, we find that the Hamiltonian K transforms into
TKT−1 = H = −iqx+
p2
2
+
1
2
(
ω21 + ω
2
2
)
x2 +
1
2
ω21ω
2
2y
2, (G13)
and through the emergence of the factor of i, its lack of Hermiticity is now apparent. (We transform z and pz but not
x or px, so x and px start off Hermitian and stay Hermitian since ψ0(x, z) is well-behaved at large real x.) Thus in
taking care of the lack of normalizability of the eigenfunctions we obtain a Hamiltonian that has the same structure
as p2 + ix3, a Hamiltonian that also is not Hermitian but has all eigenvalues real. With its real eigenvalues the
non-Hermitian Hamiltonian H given in (G13) thus has an antilinear symmetry, and in [5, 6] it was identified as PT .
6. Antilinear Symmetry
The general idea behind antilinear symmetry is that if there exists an antilinear operator A that commutes with
a Hamiltonian and if one has an eigenket that obeys H |n〉 = En|n〉, then as first noted by Wigner in his study of
time reversal invariance, one obtains AH |n〉 = AEn|n〉, i.e. HA|n〉 = E
∗
nA|n〉. Thus for every state with eigenvalue
En there is a state with eigenvalue E
∗
n, and thus operators with an antilinear symmetry can have all eigenvalues real.
The study of the implications of antilinearity thus goes hand in hand with the identification of appropriate Stokes
wedges, i.e. with the identification of domains in which one can impose convergent asymptotic boundary conditions,
so that energy eigenfunctions can serve as good test functions.
7. The Positive Definite V -norm
In general it was noted in [39–41] that if a Hamiltonian (taken here to be time independent) has an antilinear
symmetry there will always exist a time independent operator V that obeys the so-called pseudo-Hermiticity condition
V H = H†V . If V is invertible (this being the case for the fourth-order theory [5, 6]), then H and H† are isospectrally
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related according to H† = V HV −1, to thus have the same set of eigenvalues, and thereby permit all energy eigenvalues
to be real. If H is not Hermitian but the En are real, then from i∂t|n〉 = H |n〉 = En|n〉 we obtain
−i∂t〈n| = 〈n|H
† = 〈n|V HV −1 = 〈n|En, −i∂t〈n|V = 〈n|V H = 〈n|V En, (G14)
with it being the state 〈n|V that is the left eigenstate of H and not the bra 〈n| itself. Consequently in the non-
Hermitian case the standard Dirac norm 〈n(t)|n(t)〉 = 〈n(0)|eiH
†te−iHt|n(0)〉 is not time independent (i.e. not equal
to 〈n(0)|n(0)〉), and one cannot use it as an inner product. However, the V norm is time independent since
i∂t〈n(t)|V |n(t)〉 = 〈n(t)|(V H −H
†V )|n(t)〉 = 0, 〈n(t)|V |n(t)〉 = 〈n(0)|V eiHte−iHt|n(0)〉 = 〈n(0)|V |n(0)〉.(G15)
It is thus the V -norm that is needed in order to implement conservation of probability (unitarity of time development),
with the completeness relation being given not by (G2) but by∑
|n〉〈n|V = I (G16)
instead. As shown in [45], when charge conjugation (C) is separately conserved, the V -norm is the same as the overlap
of state with its PT conjugate. As we discuss below and in [39], more generally the V -norm is the same as the overlap
of state with its CPT conjugate.
In the appropriate Stokes wedge the fourth-order theory V norm is finite. With all the energy eigenvalues of the
Hamiltonian H given in (G13) being real and with harmonic oscillator wave functions being complete, as shown in
[5, 6], while not Hermitian itself, H must be similarity equivalent to a Hamiltonian H ′ = SHS−1 that is Hermitian.
In [5, 6] S was explicitly constructed according to
S = exp(−Q/2), Q = αpq + βxy, α =
1
ω1ω2
log
(
ω1 + ω2
ω1 − ω2
)
, β = αω21ω
2
2 , (G17)
as S implements
SHS−1 = H ′ =
p2
2
+
q2
2ω21
+
1
2
ω21x
2 +
1
2
ω21ω
2
2y
2, (G18)
to yield a Hamiltonian H ′ that is a manifestly Hermitian, conventional two-oscillator Hamiltonian, one for which all
eigenstates have a standard positive norm. Consequently, the fourth-order theory is unitary.
With H ′† = H ′, it follows that S†SH(S†S)−1 = H†, with the eigenstates of H ′ being related to those of H by
|n′〉 = S|n〉, 〈n′| = 〈n|S†. We can thus identify V with S†S, with the V -norm not just being finite but even being
positive definite, with the states obeying
〈n′|m′〉 = 〈n|S†S|m〉 = 〈n|V |m〉 = δm,n. (G19)
Analogously, the propagator is given not by D(x) = i〈Ω|T (φ(x)φ(0))|Ω〉 but by
D(x) = i〈Ω|V T (φ(x)φ(0))|Ω〉 (G20)
instead, with the insertion of (G16) into (G20) leading to (G1) [6]. Consequently, the relative minus sign in (G1) is
generated by the presence of the V operator and not by any possible minus signs associated with the states themselves.
8. Extension to include Loop Diagrams
When an Iint = −
∫
d4xλφ4 interaction is added on to the action IS given in (G5), as shown in [8] positivity is
not lost in loop diagrams and unitarity is preserved. This is of course to be anticipated since once the Hilbert space
associated with the action IS given in (G5) is free of negative norm states, the theory must remain free of negative
norm states when interactions are included since one cannot change the signature of a Hilbert space in perturbation
theory. We refer the reader to [8] where one can find a detailed analysis of how unitarity is specifically maintained in
loop diagrams. Quantum conformal gravity is thus a unitary theory in lowest perturbative order (analog of IS) and
remains so under radiative gravitational corrections (analog of Iint).
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9. Fundamentality of CPT Symmetry
As regards the issue of whether there might be some privileged antilinear symmetry that might actually always
be required in quantum field theory, in [39, 46] it was shown quite generally that if one requires only that inner
products be time independent and that the theory be invariant under the complex Lorentz group, the symmetry of
the Hamiltonian is then uniquely prescribed to be the antilinear CPT . These requirements are quite minimal, and
hold regardless of whether the Hamiltonian may or may not be Hermitian. The CPT theorem is thus extended to
the non-Hermitian case, and the needed relevant time independent inner products are those between states and their
CPT conjugates, and not those between states and their Hermitian conjugates. For theories that are separately
charge conjugation invariant such as the above fourth-order scalar field theory (the scalar field being neutral), or
analogously the conformal gravity theory itself (the metric being neutral), CPT symmetry then reduces to PT
symmetry. Conformal gravity thus falls into the class of non-Hermitian but PT -symmetric theories studied by Bender
and collaborators. Since the V norm is equivalent to the CPT norm and thus to the PT norm when C is separately
conserved, conformal gravity is thus unitary to all quantum perturbative orders and none of its states has negative
norm.
10. Conclusion
To conclude, we note that the propagator given in (G1) is itself purely a c-number. It is not a q-number operator.
From a knowledge of the c-numbers that follow solely from the structure of differential equations of motion one
cannot infer the structure of the underlying quantum Hilbert space theory that would generate them, and one could
not have inferred that the quantum-mechanical energy eigenfunctions would not have not been normalizable merely
by inspection of the c-number propagator given in (G1). Thus a priori one cannot identify the propagator in (G1)
with a matrix element such as D(x) = i〈Ω|T (φ(x)φ(0))|Ω〉. One has to first construct the quantum Hilbert space and
then determine the c-number matrix elements and not the other way round. And it does not follow that because one
is used to working with theories where the propagator is given by D(x) = i〈Ω|T (φ(x)φ(0))|Ω〉 that this will always be
the case. And indeed, when Bender and Mannheim did construct the fourth-order theory quantum Hilbert space they
found that the propagator was not given by D(x) = i〈Ω|T (φ(x)φ(0))|Ω〉 at all but by D(x) = i〈Ω|V T (φ(x)φ(0))|Ω〉
instead, with all unitarity concerns then being completely resolved.
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